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Abstract Microscopic trapping of electrons is considered
in one- and two-dimensional potential wells (shallow and
deep) and its effect on vortex formation is investigated by
deriving modified Hasegawa Mima (HM) equations. In-
homogenieties in the number density and magnetic field are
taken into account. The modified HM equations are ana-
lysed by considering bounce frequencies of the trapped
particles. Solitary vortices are obtained via Kortweg deV-
ries (KdV) type of equations and both exact and Sagdeev
potential solutions are obtained. In general it is observed
that trapping produces stronger non-linearities and this
leads to the modification of the original HM equation.

Keywords Hasegawa-Mima equation -
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Introduction

Beginning with the seminal work of Hasegawa and Mima
[1], who generalized the work of Charney [2], on the for-
mation of vortices in inviscid fluids, two-dimensional
dynamics and the subsequent formation of vortices in
plasmas has captured the attention of many authors. This
was followed by a flurry of activity in the area of vortices
in plasmas. Early work on vortices was summed up com-
prehensively in the review paper by Horton [3], whereas
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Nycander [4] reviewed work in both plasmas and geo-
physical flows. And more recently Tsintsadze et al. [5, 6]
described a new concept of generation of vortex rings by
strong electromagnetic radiations and by the laser wake
fields.

One of the simplest equations that admit localized vor-
tex structures is the Hasegawa—Mima (HM) equation
describing a two-dimensional flow in a non-uniform low
frequency plasma. Due to its simple form the HM-equation
has been studied extensively both analytically [1] and
numerically [7]. In addition to vortex solutions the HM-
equation contains drift waves which are a result of the non-
uniform number density. In the weak turbulence approach
[8] three of the linear drift modes interact resonantly via
paremetric interactions and are subsequently used in the
HM equation. In strong turbulence, however, a more
accurate description would be a superposition of linear
modes and vortex structures [9]. Since both linear waves
and non-linear vortex structures exist in the HM-equation,
a study of plasma turbulence (e.g. vortex—wave interaction)
in the frame of this equation is natural.

Starting with the work of Bernstien, Greene and Kruskal
(BGK) [10] in 1957 it became known that trapped particles
exert a significant effect on the non-linear dynamics of
plasmas. In this pioneering work [10] trapping was con-
sidered directly by the wave itself. However trapping as a
microscopic process was considered by Gurevich [11] in
1967 where the solution of the Vlasov equation along with
Maxwell’s equations was used. BGK modes were investi-
gated by Schamel [12] in unmagnetized plasmas for
electrostatic perturbations however Schamel and coworkers
continued to refine and further study BGK modes and the
ensuing distribution functions of the trapped particles over
the last forty years, these investigations have been summed
up in reviews [13, 14]. Based on the results of Schamel



J Fusion Energ (2008) 27:216-224

217

mentioned above coherent electric field structures in the
magnetosphere were investigated in Ref. [15] using the drift
kinetic equation and solitary wave structures and electro-
static broadband noise were considered in Ref. [16, 17].

On the other hand computer simulations [18] and
experimental work [19] confirmed the existence of trapping
of particles as a microscopic phenomena. In. [20, 21] the
effect of trapping of particles on the propagation charac-
teristics of ion acoustic solitons by using Maxwellian and
non-Maxwellian distribution functions, respectively was
investigated. It was seen in both cases that dynamics of the
ion acoustic solitons are considerably modified when
trapping is taken into account.

In the present work we consider some new aspects of
vortex formation in a plasma consisting of ions and elec-
trons with the effect of adiabatic trapping of electrons in
one and two dimensions taken into account. We consider a
drift ion acoustic wave which is the most basic electrostatic
low-frequency drift mode in an inhomogeneous plasma
with a magnetic field with a gradient in the direction per-
pendicular to the ambient magnetic field. The electrons are
considered hot enough to neglect their magnetization [22]
and subsequently their drift velocities are also neglected in
comparison to the electron thermal velocity. The ions are,
however, considered to be cold and magnetized and their
drifts are taken to be significant.

The paper is organized as follows. In section “One-
dimensional Potential Well” we give the basic mathe-
matical formulation for one-dimensional trapping and
derive a modified HM equation. Various solutions to the
modified HM equation for both the shallow and deep well
trapping are considered. In section “Two-dimensional
Potential Well” we consider two-dimensional trapping and
again a modified HM equation is derived and investigated.
Finally in section “Disussion and Conclusion” we present
a general conclusion and discussion.

One-dimensional Potential Well

We begin by considering the trapped particle distribution
function in one dimension only. Following Lifshitz and
Pitaevskii [23], we can obtain the distribution of electrons
in the shallow well case when e®/T < 1

:<1+7®—%(7‘D)> (1)

and for the deep well potential, i.e., for e®/T > 1 we
obtain,

ed
T,

Nne = 2n0

(2)

We note here that e, @, and T, are the electronic charge,
potential and electron temperature, respectively and the
free electrons are considered to obey a Maxwell Boltzmann
distribution function.

The equations now needed for a complete description of
low frequency electrostatic drift waves in plasmas are the
equations of motion and continuity for ions and expressions
(1) and (2) for the electrons trapped in a shallow and deep
potential well cases, respectively. The ion equations in the
MKS units are

0 e !
(E‘FV['V)V[—_i(E""ViXB)_miniVPi+g (3)
on;

! . V) = 4
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Here n;, v;, m;, p;, g are the ion density, velocity, charge,
mass, ion pressure and gravitational acceleration,
respectively. We assume the plasma to be quasineutral
and only ions are magnetized by an ambient magnetic field
B = By(x)Z which is assumed to have a weak dependence
in the x direction. We assume that 7, > T; so that we can
neglect the ion pressure in Eq. 3 for the sake of simplicity.

Following the method elaborated in Weiland [24],
which proceeds by taking the curl of Eq. 3 and using Eq. 4
we obtain in the absence of baroclinic pressure the fol-
lowing equation.

{222

where Q; is the vorticity which is defined as
Qi =V x V;
and Q. = eB/m; is the ion gyrofrequency. We further note
that
d 0
S =—4v;-V
a
where v; in the drift approximation [24] is taken as
Vi =V, +V,
where v, and v, are the E x B and gravitational drifts
given by the following expressions, respectively

(V(I) X 2)
vV, = —
By

mg x By
TR

Considering two-dimensional propagation, we take V =
XL+ V5, and vorticity Q; only in the z direction can be
expressed as

Qi:(VXVi)-/Z\ (6)
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We use the quasineutrality condition for perturbed
number densities (plasma approximation) i.e., on; = on, =
on, where on < ng and ny is the unperturbed ion number
density. Further by taking Q; < Q ; [24] we can write
Eq. 5 as
d |: Qci Qi 5n:| —0

1ol
nno +Qci Mo

dt

(7)

In the presence of the inhomogeneous magnetic field
Bo(x) in the z direction, Eq. 6 can be rewritten as

AVRI) 0/1 o/ 1)\0d
Q =— — — | — — | =) =
' B() mg Ox (B()) + Ox (B()) Ox (8)

We now proceed to develop Eq. 7 for the shallow well
case by comparing n, = n, (1 + @> and Eq. 1 we obtain

no

3
2

on ed 4

n, T, 3T
using Egs. 8 and 9 in 7, we obtain finally by ignoring

higher derivatives of magnetic field as its inhomogeneity is
considered to be weak.

(6t + Vgay) (szzly - \P) - (V: + VVB)ay\P
2
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where
Y =ed/T,

is the normalized potential and v, is the electron diamag-
netic drift which may be expressed as v} = kT, /eBy and K
is the inverse of the scale length of the number density
inhomogeneity k = —(1/ng)/(dng/dx) and vy p is the grad
B drift given by vyp = (9/Bo)(cs(dBy/dx)) and g is the ion
larmour radius given by ¢ = ¢;/Q,;. ¢, is the ion sound
velocity given as ¢, = \/T./m;.

A similar equation can be developed for the deep well
case. Here as we have n > ng and using the electron dis-
tribution given by Eq. 2, we rewrite Eq. 7 as

d
E [ln(QCi + Ql) — lnn,-} =0

where it may be noted that

2 2 1
ﬁnoﬁ = ln\/—%—‘r lnno —|—§ln‘l’

Thus the above expression can be recast in the form
d|, Qi &

1
K PN A P 72
a e Ton 2"

Inn; =In

Finally we get the equation for deep well case as
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where once again the higher order terms have been
neglected as was done for the shallow well case.

We see here that the presence of trapped particles in
both shallow and deep well cases produces a modified HM
equation by the addition of another non-linear term (the
second term on the right-hand sides of Eqs. 10 and 11). We
note that this term makes a larger contribution than the
original non-linear HM term (the first term on the right-
hand side of the above equation). We may thus drop the
original HM non-linear term in Eqgs. 10 and 11 to obtain

0 . oV
(& + vgya)) (*V?Y = ¥) — (vi + vvp) o
4 0 3
= —ﬁ (&—&-vgy@y)‘lfz (12)
and
0 B ovY
92 (& + vgy6y> Viy — (ve + VVB> a
1/0
:5 a+vgyay In¥Y (13)

Equations 12 and 13 are the modified HM equations for
the shallow and deep potential well trapped electron cases,
respectively. The second term on the left-hand side of
Egs. 12 and 13 can be written as (vj + VVB) =
pcs((d/dx)In(By/ng)) where three distinct conditions
may be considered, i.e., when pc;((d/dx)In(By/ng)) is
>0, <0 or =0. The last corresponds to the frozen in
condition. Different solutions of Eq. 12 are considered in
the subsequent subsections. However we note here that the
stationary solutions of the original HM equation (when no
trapping is taken into account) are expressed through
Bessel function using piecewise linear solutions [3]. This is
no longer possible here and we consider certain alternate
strategies to get insights to the effect of trapped electrons
on the formation of vortices.

Bounce Frequencies in Potential Well

In this section we consider that the particles which become
trapped in the potential well can undergo oscillatory
motion in the well itself, if their energy is less than the
potential energy associated with the well then these parti-
cles remain trapped. We can use the non-linear evolution
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Egs. 12 and 13. for the shallow and deep well cases to
estimate the “bounce” frequency of the particles within the
wells. We first consider the shallow well case and expand
¥ around fixed minimum value ¥ of the potential well in
the following way.

Y=Y +Y¥
We linearize Eqs. 12 and 13 (around the value W) and

solve those Eqs. 12 and 13 by using a plane wave solution
expli(k-r — wf)] to obtain

ky, (V: + VVB)

wp = (14)
(e +1-2vH)

and
ky(vi+v

wp = k(v +vvs) (15)
(o5-)

where w, = @ — kyv,, is the bounce frequency as the

particle is reflected off the walls of the potential well for
the shallow and deep well cases, respectively.

We note that when we compare the terms in the
denominators of Eqgs. 14 and 15 and take into account the
fact that in most cases ¢?k> <1 then we see that for the
shallow well case Eq. 14 the value of the trapping potential
W, only has a small corrective effect on the bounce fre-
quency ;. On the other hand for the deep potential well,
both terms in the denominator can be of the same order
making the bounce frequency large. Thus we can conclude
that in case of the deep well, the fixed value of the potential
has a more significant effect on the bounce frequency of the
trapped particles.

We see in Fig. 1 for the shallow well case that as the
potential rises above 0.9, the bounce frequency becomes
infinity which means that the particle no longer remains in
the potential well. However in the deep well case Fig. 2 we
can see that as the potential grows, the bounce frequency
increases gradually and the particles remain trapped. Here
we can conclude that the bounce frequency for the deep
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Fig. 1 Potential versus bounce frequency for shallow well
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Fig. 2 Potential versus bounce frequency for deep well

well case has a more significant effect as compared to that
in the shallow well case.

Analytic Solutions for the Shallow Potential Well Case

In this section we consider only the shallow well case and
derive a Kortweg deVries (KdV) type of equation from
Eq. 12. For this we use the reductive perturbation (stret-
ched variable) technique which is introduced in the

following manner [25]
1 3
n=¢é(y—ut), t=¢t x=x

where u is the speed of the perturbation in the comoving
frame of reference. The potential perturbations are
expanded as follows

Y, =¥, + 2,

Using these perturbations in Eq. 12, we get in the lowest
order of ¢ (i.e. &)

(vg — u) (gzam — 1)6,7‘{’1 — (V: + vvg)én‘l’l =0 (16)

which corresponds to the linear case. Here we introduce a
separation of variables

Wi =A(n, 7)Y (x)
so that from Eq. 16 we obtain

Y:é(lH—l)Y (17)

where v = (v} + vyg) /(v — u). In the next order (¢’/4)
we obtain,

0.(0*0— 1Y + (v, —u)@n(gzam— 1)¥,+¢? (vg —u)@,,,m‘l‘]
- (vj +vv3)6n‘1’2 +ﬁ (vg —u) 6,7‘1’31 =0
(18)

Following the method outlined in Dodd et al. [25], we
can write Eq. 18 as
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.. 4 ERE}
0, (Q2Y — Y)A +0° (vg — u) Y0,,A —I—m (vg — u) Y%GWA2 =0

using Eq. 17, finally we get
B/A + adyyA + bO,AT = 0 (19)

where a, and b are the coefficients given by respectively,

p*(vg —u) [ Ydx
X1

a = i

[ vYdx
X1
X2
Ik Y3/2dx

(vg — u)xlxi
[ vYdx

X1

4
b=—_
3/m

The above integrals can be solved by using appropriate
boundary conditions. The solution to Eq. 19 is given as

Y= ?—2 (g)zsec ht (% \/%(11 - it)) (20)

We note that we have used the boundary conditions that

as x — +oo, ¥,& . — 0. Here 2 (ﬁ)z is the amplitude

Yox 16

and where 1 is the speed of comoving frame of reference.
Another form of the solution which can be obtained for
Eq. 12 proceeds by moving to acomoving frame of reference

by setting # = y — ut, then Eq. 12 is cast in the form
VW = o + ¥ (1)

Here

o=t (1 et VVB))

0? Vg — U

and ﬁ = — Q’th
Equations of this type have a general solution of the
form Ref. [26]

1
-2 R\
g _ (Z2Pcosiz (22)
a(n+1)
where n = 2 in our case and such a solution is valid when

2
a>0and f(n+1) <O
In the solution given by Eq. 22

7= 74(xsincl +ycoscy) + ¢

where ¢ and ¢, are arbitrary constants thus in general the
solution to Eq. 21 is given by

2257
Y= 1
256<+

Vg — U

We see that both solutions, i.e., those given by Egs. 20
and 23, the two solutions are of the same form.

Sagdeev Potential

We can also investigate the solutions of the Eqgs. 12 and 13
by employing the Sagdeev Potential approach [18]. Eq. 21
for the shallow well trapping is rewritten with the help of
the Sagdeev (pseudo) potential V in the form

_ﬁ:a\p_ﬁ\p%

The Sagdeev potential V can be found by integrating
above equation and using the boundary condition, i.e., ¥
=0atx=0.

2 s o
V=39 — - 24
powi-2 (24)
Similarly for the deep well case, we may write from Eq. 13
av
ﬁ = ﬁ\P —oaln'¥

Integrating the above equation w.r.t ¥ we get
V:g‘l’z—cx(‘l’ln‘l’—‘}’) (25)

For the shallow well case, we obtain minima for « < f§
at

o\ 2
= (5)
B
For the deep well case, we obtain minima for o > f§ at

o
¥Y=-In¥Y
B

This is evident from Figs. 7 and 8 also.

If it is a potential well as in our case, a particle entering
from left will go to the right-hand side of the well, reflect
and return to x = 0 making a single transit. Such a pulse is
a soliton, propagating to the left with an arbitrary velocity
u. Now, if a particle suffers a loss of energy while in the
well, it will never return to x = 0 but will oscillate in time
about some positive value of x. This behavior is depicted in
Figs. 7 and 8.

2
f+ ! et
(ve va)) sec it (cz _ 1+ M(x sinc; + ycos c1)> (23)
40 Ve — U
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Two-Dimensional Potential Well

In this section we discuss the same problem but now with
two-dimensional trapping. We adopt the same strategy to
derive a modified HM-equation but we first calculate the
number density in two dimensions again by following [21].
We thus have

o [ nom
e = NoA dP dpP — — v
fle =10 /,OC I /0 +exp 2mT, 2mT, +

where A is the normalization factor and P, P|,m, T, are
perpendicular and parallel momentum with respect to

ambient magnetic field By, mass and temperature of

electrons, respectively. and ¥ = "TQ is the normalized

potential. After integration with respect to P, we obtain

Py
ne = (2ane)5n0 |:/ PLdPL
0

P - ¥ )dp
A

from where we finally obtain

and two-dimensional are similar in structure. Thus we
conclude here that trapping effect in the one-dimensional
is the same as in the two-dimensional trapping in deep
well case while for the shallow well case, the trapping
effect is stronger in the one-dimensional case than in the
present two-dimensional case.

Solution of Shallow Potential Well Case
We now obtain a KdV equation for the two-dimensional

shallow well trapping case by introducing the stretched
variables in the following manner:

= ey — ur)
=gt
X=X

and the potential is expressed as
V=c¥ +¥+ .

Using these perturbations in Eq. 24 we get for the
lowest order (i.e., ?l)

ne = no(1 +¥) ,
ve — )0y (070w — 1)W1 — (v, +vy5)0,¥1 =0 28
Using this in Eq. 7, we obtain in the same way for two- ( ¢ ) 7(Q " ) : ( VB) (e (28)
S .
dimensional trapping for the shallow and deep potential In the next order (&2), we obtain
trapped electrons, respectively
0; (Qzaxx - l)lPl + (vg - u)aﬂ (Qzaxx - 1)\PZ + Q2 (Vg - “)ammqjl
2
1
(v +ves)3y ¥ =5 [0, ¥100 W1 — QW10 1] + 5 (v — )0, ¥
0
d o¥ Once again following [24], we get
(V¥ =) = (v + vvp) = 2
e o OA + aypA — pO,A* =0 (29)
0 1d¥Y
= Bo (V¥ xz)- V(VZ‘P) T2 dr (26) This is the standard KdV equation and constants « ,f3 are
given by, respectively
d 00
B d o LT
o0 =—"
28 T2 (¢ 00 Y2(g*v+1)
OV Y- it (27) Fo dts
2 d 00 y? 00yl
=2 (V¥ x2)- V(V2¥) + ZIn(1 + ) g Jagd 1 annd
By dt - foo Yi((g2v+ l)) By foc Yzz((gz\H— l))
By considering Eq. 27 we see that we cannot ignore e e
the non-linear HM term on the right-hand side since the = Where
order of the non-linearity due to trapping is the same as b — (v —u+v: 4+ vyp)
that in the original HM-equation. Thus for the shallow B 0*(vg —u) '

potential case both non-linear terms are retained. For the
case of a deep well we see that if we compare Egs. 27
and 13 it is seen that both equations, i.e., one-dimensional

The solitary vortex solution is given by

A = Apsec hZKC
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where Ag = —v/2f is the amplitude, ¢ = n — vt denoting
that we have a stationary solution and k = \/v/4a is the
inverse width of the soliton.

Bounce Frequencies in Potential Well

We can use the non-linear evolution Eqgs. 26 and 27 for the
shallow and deep well cases to estimate the “bounce”
frequency of the particles within the wells. We first con-
sider the shallow well case and expand ¥ around the fixed
value ¥, of the potential well in the same way as done in
section “Bounce Frequencies in Potential Well”.

Y=, 4+,

By taking ¥ ~expi(k - r — wt), we obtain the bounce
frequencies for the shallow and deep well -cases,
respectively.

ky (VZ +vus )

T Q2K+ 1 - 2%,)

and

ky (V: + VVB)
(0°k* — (1 +Y0))

where w,, is the bounce frequency given by w, = ® —
kyve, same as in section “Bounce Frequencies in Potential
Well”. We see that the expressions for the bounce fre-
quencies in both cases are similar to that of the shallow

well case in the one-dimensional case.

wp =

Discussion and Conclusion

The basic model equation which is derived in section
“Two-Dimensional Potential Well” is a modified HM
equation. The modification occurs due to the effect of one-
dimensional trapping. We see that we obtain stronger non-
linear terms when trapping is taken into account as com-
pared to the standard HM equation and it was for this reason
that we ignored the non-linearities of the original HM
equation which is small in comparison with the non-linear
term which arises due to the trapped particle effect in case
of one-dimensional problem. Further we split the problem
into two cases, namely the shallow potential well case and
the deep potential well case. We have shown that there
exists a family of localized vortex solutions of Eq. 12 which
are stationary and have strongly non-linear structures. Next
we calculated the bounce frequency of the electrons within
the potential well. We noted that in the deep well case, the
potential due to trapping has a stronger effect on the bounce
frequency than in the shallow well case.

@ Springer

Further in section “Analytic Solutions for the Shallow
Well Case” we made use of the reductive perturbation
method and reduced the modified HM equation Eq. 12 for
the shallow well case and obtained a KdV equation with a
non-linearity of power 3/2. We also obtained an analytic
solution to this equation. In section “Analytic Solutions for
the Shallow Well Case” we also gave another stationary
solution to the HM equation. This is given by Eq. 23. In
section “Sagdeev Potential” we analyzed Eqgs. 12 and 13
for both the shallow and deep well cases, via the Sagdeev
Potential approach. It was shown in both cases that solitary
vortices can exist. In section “Bounce Frequencies in
Potential Well” we analyzed the bounce frequencies for
electrons trapped in both shallow and deep one-dimen-
sional potential wells. It is observed that the bounce
frequency in the deep well is more significant than in the
shallow well.

In section “Two Dimensional Potential Well” we con-
sidered two-dimensional trapping of electrons and
investigated the evolution of vortices. We saw that in the
shallow well case the non-linearity which arises is of the
same order as the non-linearity occurring in the original
HM equation. Hence in this case both terms have to be
included in the analysis and in section “Solution of Shal-
low Well Case” we have obtained the usual KdV equation
for two-dimensional trapping in the shallow well case.
However in the case of a deep potential well we observe
that it does not differ from the corresponding one-dimen-
sional case. We then investigated the bounce frequencies
for the deep well and the shallow well cases and noted that
the two frequencies are nearly the same and also similar to
the shallow well case in one dimension. While the bounce
frequency in the deep well case in one dimension has
stronger influence than in any other cases. Thus we con-
clude here that the bounce frequency in one dimension is
more significant than in two dimensions as is also evident
in Figs., 1 and 2 for the shallow and deep potential well
cases, respectively.

These results have been shown graphically. We have
plotted KdV solution given by Eq. 20 in one-dimensional
shallow well case in Figs. 3, and 4 and by giving different
arbitrary values to the constants a, b, and A, we got dif-
ferent values of the amplitudes of the solution. We took
a=1,b=1 4= 1forFig.3anda = 1, b = 1,
A = 10 for Fig. 4 in which we get different amplitudes.
Then we plot the graphs for the Eq. 23 for the shallow well
case in one dimensions in Figs. 5 and 6 in which amplitude
is plotted against its two arguments x and y. It is noted that
by giving different values to constants C; and C,, we get
the rotation of amplitude in perpendicular direction. In
Fig. 5, we took C; =75, C; =0 and in Fig. 6, C; = -]
and C, = 0 and noted that the amplitude is rotated.
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Fig. 5 Solution for shallow well when C; = {5, C; =0

Analysis using the Sagdeev Potential method for the
shallow and deep potential wells confirmed the existence of
solitary vortices for both the shallow and deep potential
well cases .We also obtained conditions for the occurrence
of minimas of the potential wells. These results were pre-
sented graphically in Figs. 7 and 8.

Fig. 6 Solution for shallow well when C; = —%, C, =0

0.0075
0.005

0.0025}

-0.0025}

-0.005F

Fig. 7 Sagdeev potential for shallow well

40

20

Fig. 8 Sagdeev potential for deep well

The originality of our study was to start from an exact
and realistic solution of the modified Hasegawa Mima
equation and to provide analytical results and relevant
parameters for the trapping process. Moreover, we have
considered the effect of small-scale fluctuations on the
motion of the trapped electrons inside the vortex structure.
These theoretical result have been formulated in the con-
text of electron—ion plasma but they can clearly have
applications in other fields of astrophysics and geophysics.
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