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Effect on Landau damping rates for a non-Maxwellian distribution
function consisting of two electron populations∗
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In many physical situations where a laser or electron beam passes through a dense plasma, hot low-density electron
populations can be generated, resulting in a particle distribution function consisting of a dense cold population and a small
hot population. Presence of such low-density electron distributions can alter the wave damping rate. A kinetic model is
employed to study the Landau damping of Langmuir waves when a small hot electron population is present in the dense
cold electron population with non-Maxwellian distribution functions. Departure of plasma from Maxwellian distributions
significantly alters the damping rates as compared to the Maxwellian plasma. Strong damping is found for highly non-
Maxwellian distributions as well as plasmas with a higher density and hot electron population. Existence of weak damping
is also established when the distribution contains broadened flat tops at the low energies or tends to be Maxwellian. These
results may be applied in both experimental and space physics regimes.
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1. Introduction
Landau, in his elegant paper[1], showed that resonant in-

teraction of a wave with particles resulted in the collisionless
damping of the electrostatic waves. Such Landau damping
increases significantly when the distribution functions con-
tain superthermal particles and shoulders in the distribution
function profile.[2,3] Electron velocity distribution functions
(VDFs) with pronounced superthermal tails[4–7] and flat tops
(shoulders in the profile of distribution function)[8–11] are fre-
quently observed in space plasmas, which are often modelled
by κ or generalized (r, q) distribution functions.[12–15] Initially,
the use of κ-like distribution was criticized due to the lack
of its formal derivation. A classical analysis addressing this
problem was presented by Hasegawa et al.[16] who demon-
strated how the kappa distributions emerge as a natural con-
sequence of the presence of superthermal radiation fields in
plasmas. A kinetic theory has been developed, showing that
κ-like velocity space distributions present a particular thermo-
dynamic equilibrium state called the ‘nonextensive’ entropy,
in which κ-like distributions are natural thermodynamic equi-
librium solutions.[17,18] Collier[19] considers the generation of
κ-like distributions using the velocity space Levy flights.

In plasmas, a small population of electrons possessing
much higher energies than the original laser beam can be
produced in the laboratory.[20,21] Simulation results of elec-
tron or laser beam propagation in dense plasmas often show
electron distributions that are characterized by power-law tails

of hot electrons superposed on an approximately Maxwellian
bulk distribution.[22,23] The presence of such low density elec-
tron distributions can increase the wave damping rate. How-
ever, significant reduction in the electron plasma wave Lan-
dau damping rates has also been found while studying the be-
haviour of plasma waves using the kinetic theory in nonuni-
form heated large scale plasmas.[24] Yoon et al.[25] consid-
ered the self-consistent generation of superthermal electrons
by beam–plasma interaction within the context of plasma ki-
netic theory.

Observations of electron VDFs from solar wind showed
significant deviations from the Maxwellian distribution func-
tion, i.e., a dense thermal core and a hot superthermal popu-
lation ‘halo’ can be distinguished in a slow solar wind.[26–30]

It is now believed that the core corresponds to the relatively
cool population, which is trapped within the potential of he-
liosphere, whereas the halo is composed of electrons energetic
enough to escape this potential barrier.[31,32] Such electron
VDFs cannot be modelled by distributions containing simply
one electron population. In this context, Nieves-Chinchilla
and Vinas[33] fitted a large number of samples of electron
VDFs observed in the solar wind by a model distribution func-
tion composed of a bulk Maxwellian superimposed by a kappa
distribution function.

In addition to the presence of κ-like electron VDFs, dis-
tributions have also been observed in space plasmas with flat
tops. First observations of flat top (shoulders in the profile of
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distribution function) electron VDFs from the Vela 4 magne-
tosheath crossing were reported by Montgomery.[10] Flat top
electron VDFs were also reported by Montgomery[11] using
Vela 4 data during the crossing of the Earth’s bow shock from
the solar wind to the magnetosheath. During the ISEE 2 cross-
ing of the Earth’s bow shock, Feldman et al.[8] observed flat
top electron VDFs. Feldman et al.[9] also reported the ISEE
3 observations of flat top electron VDFs from the weak and
strong interplanetary shocks. Parks et al.[34] observed the flat
top electron velocity distribution functions in the magneto-
tail with CLUSTER observations. By numerically solving the
weak turbulence kinetic equations, Gaelzer et al.[30] showed
that the self-consistent electron VDFs have characteristic flat
top distributions with tenuous high-energy tails superimposed
on Maxwellian distribution.

In recent years, electrostatic waves have been stud-
ied not only with fluid models,[35–39] but also with kinetic
models[40–43] in different plasma regimes. However, most of
the studies were based on Maxwellian plasmas. To the best of
our knowledge, it is for the first time that in this paper, we
study the Landau damping of Langmuir waves with a gen-
eralized (r, q) distribution function consisting of two elec-
tron populations, a hot superthermal population, and a cold
bulk population. Limiting cases of generalized (r, q) dis-
tribution function have also been presented in the form of
kappa and Maxwellian distributions. By employing such a
two-component non-Maxwellian distribution, we study the ef-
fects on Landau damping rates when a dense thermal core is
superimposed by high-energy tails in view of space and lab-
oratory plasmas. Apart from the above-mentioned theoreti-
cal considerations, it may be noted that there are many in-
stances of observations of Langmuir waves. These waves have
been observed by FREJA and SCIFER satellites in the auro-
ral zone,[44] and also by the satellite wind in the upstream re-
gion of the Earth’s bow shock and interplanetary shocks,[45,46]

while ULYSSES has given similar observations for the solar
wind.[47,48]

2. Generalized (rrr, qqq) distribution function
The generalized (r, q) distribution function as a sum of

a fractional hot and a cold bulk electron distribution takes the
form
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where Γ is the usual Gamma function, Tc and Th are the cold
and hot electron temperature, respectively, and a = m/2kB

with m being the electron mass and kB the Boltzmann constant.
The total electron density is the sum of the hot (nh = NF)

and cold (nc = N(1−F)) electron densities, respectively. In
the limit r = 0 and q = κ + 1, equation (1) is reduced to κ-
distribution function, while in the limiting case of r = 0 and
q→ ∞, it is reduced to the classical Maxwellian distribution
function. The spectral indices r and q are bounded by the con-
ditions: q > 1 and q(1+ r) > 5/2, which arise from the nor-
malization and definition of temperature for the distribution
function. In general, r is the measure of the flat part or shoul-
ders of the distribution at low energies, and q is the strength of
the high energy tail, respectively.

Figures 1 and 2 show the profiles of generalized (r, q) dis-
tribution function for a 1% hot population at 10 eV added to
cold dense population at 1 eV for different values of spectral
indices r and q, respectively. Figure 1 is plotted for differ-
ent values of spectral index q when r =1. From Fig. 1, we
note that as the value of q increases, the high-energy tail de-
creases, distribution tends to become Maxwellian, and effect
of two temperatures becomes more prominent, as exhibited
through the second shoulder in the profile of distribution func-
tion. Figure 2 is plotted for different values of spectral index
r when q = 2. For q = 2, we note that as r increases, not only
the shoulders in the profile of distribution function becomes
more broad, but the effect of two populations is enhanced and
the high-energy tail decreases. Therefore, from Figs. 1 and
2, we can note that when q increases, the high-energy tail de-
creases, and when r increases, shoulders or the flat top in the
profile of distribution become more prominent along with the
enhancement in the two populations in both cases.
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Fig. 1. Profile of generalized (r, q) distribution function for different
values of q when r = 1 for F = 0.01, Tc = 1 eV, and Th = 10 eV.
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Fig. 2. Profile of generalized (r, q) distribution for different values of r
when q = 2. The other parameters are the same as that of Fig. 1.

3. Dispersion relation
We follow the general formulism of kinetic theory to de-

rive the dispersion relation for the electrostatic waves with
complex frequency ω = ωr + iωi and real wave number k. We
consider the case of high-frequency electrostatic waves, where
ion dynamics is not important. This procedure yields the prop-

agation and damping characteristics of electron plasma (Lang-
muir) waves. Langmuir waves occur in a variety of plasmas in-
cluding the laboratory plasmas, auroral zone, Earth’s electron
foreshock, and solar wind. In this paper, we investigate the dis-
persion relation and damping rates for the Langmuir waves in
a plasma which is modelled by two-temperature generalized
(r, q) distribution function in the limiting case of kλD � 1,
where

λD =
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is the electron Debye length,
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is the generalized electron thermal velocity for the (r, q) dis-
tributed plasma, and N is the total number density. The general
dispersion relation of electrostatic waves is
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where α is for either hot component ‘h’ or for cold compo-
nent ‘c’. Substituting Eq. (1) into Eq. (5), and integrating over
vx, vy, and vz, we obtain the general dispersion relation for the
electrostatic waves modelled with generalized (r, q) distribu-
tion function as
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is the generalized plasma dispersion function for the (r, q)
case.[49] Here ξα = ω/kψthα and sα = v/ψthα .

We have neglected the ion terms in Eq. (6) as it is justified
to consider the ions as immobile giving a uniform background
that simply maintains the charge neutrality for the Langmuir
waves. Using the appropriate limiting form ξα � 1 of the gen-
eralized plasma dispersion function (8), the dispersion relation
for hot and cold species can be written as

Dr(Ω)+ iDi(Ω) = 0, (9)

where the real and imaginary terms can be written as
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respectively. Here Ω = ω/ωp, D is given by Eq. (3), and
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The solution of Dr(Ωr) = 0 gives the real frequency Ωr of
the wave, which takes the following form only for the positive
root:
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The damping rate of the wave is determined by the standard
relationship
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Substituting Eq. (13) into Eq. (14), the damping rate of the
wave can be written as
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In the long-wavelength limit,
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In the limit r = 0 and q→∞, the above equation is a solution of
Maxwellian type.[50] Here we note that there is a slight change
in the real frequency when we use generalized (r, q) distribu-
tion function, but the damping rate changes significantly and
is strongly dependent on the spectral indices r and q.

4. Numerical solution
The numerical solution of Eq. (16) is shown in Figs. 3–

6 for different values of r and q when 1% hot population at
10 eV is added to cold dense population at 1 eV for the limit
kλD� 1 in the appropriate limiting form ξα � 1 of the gen-
eralized plasma dispersion function (8). Figure 3 is plotted for

different values of q when r = 1 corresponding to Fig. 1. From
Fig. 3, we can see that the damping rate significantly increases
when q decreases from 15 to 2. This is due to the fact that
as the high-energy tail increases in the profile of distribution
function, the damping rate increases for the low values of q
(see Fig. 1). Compared with the Maxwellian damping rate,
the (r, q) damping rate remains higher from Maxwellian in the
range of 0.0≤ kλD < 0.25 when q < 5, and then decreases for
higher values of q. Thus, when q < 5, the small hot popula-
tion in the non-Maxwellian distribution dominates, and damp-
ing rate increases relative to the Maxwellian rate. However,
when q≥ 5, bulk population dominates over the small hot su-
perthermal population in the non-Maxwellian distribution, and
damping rate decreases relative to the Maxwellian.
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Fig. 3. Landau damping rates for different values of q when r = 1 corre-
sponding to distribution functions shown in Fig. 1. Maxwellian damp-
ing rates are also given by dotted line for comparison.
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Fig. 4. Landau damping rates for different values of r when q= 2 corre-
sponding to distribution functions shown in Fig. 2. Maxwellian damp-
ing rates are also given by dotted line for comparison.

Figure 4 depicts the magnitude of damping rates for dif-
ferent values of r when q = 2. We can see that the damp-
ing rate increases when r decreases from 4 to 1. This is due
to the fact that as the flat part at low-energy region in the
profile of distribution function decrease, effect of superther-
mal particles becomes more prominent (see Fig. 2). As com-
pared to the Maxwellian damping rate, the (r, q) damping
rate remains higher than the Maxwellian case in the range
0.0 ≤ kλD < 0.25 when r < 2, and then decreases for higher
values of r. Thus, when r < 2, the small hot superthermal
population in the non-Maxwellian plasmas dominates, and the
damping rate increases as compared to the Maxwellian rate,
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but when r > 2, bulk population dominates the small hot su-
perthermal population, and damping rate decreases as com-
pared to the Maxwellian rate. Comparing Fig. 3 with Fig. 4
also shows that for fixed values of kλD, the damping rate sig-
nificantly increases when the value of r or q decreases.

Figures 5 and 6 are plotted for negative values of r.[51,52]

Figure 5(a) shows the profiles of generalized (r, q) distribution
function for a 1% hot population at 10 eV added to cold dense
population at 1 eV for different values of q when r = −0.15.
We can see that as the value of q increases, the high-energy tail
decreases, but remains higher in those profiles where we have
used positive r values for the same values of spectral index
q. Figure 5(b) shows the magnitude of damping rates corre-
sponding to the distribution functions in the upper panel. We
can note that the damping rate increases with the decrease in
the value of q, but remains higher than the Maxwellian damp-
ing rate throughout the kλD range. Figure 6 is plotted for dif-
ferent negative values of r for q = 4 when a 1% hot population
at 10 eV added to cold dense population at 1 eV. Figure 6(a)
shows the profiles of generalized (r, q) distribution function
when q = 4. We can see that as the negative value of r in-
creases, the high-energy tail increases, and the peak of the
bulk distribution becomes sharper. The corresponding damp-
ing rates are shown in Fig. 6(b). The magnitude of damping
rate decreases with the increase in the negative values of r ex-
cept for a small range kλD ≤ 0.4, where it increases with the
increase in the negative values of r. However, compared with
the Maxwellian damping rate, the (r, q) damping rate remains
higher in the range kλD < 0.3 for all the negative values of r.
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Fig. 5. (a) Profiles of generalized (r, q) distribution function for dif-
ferent values of q when r = −0.15 and (b) the corresponding damping
rates for the same values of r and q when F = 0.01, Tc = 1 eV, and
Th = 10 eV. Maxwellian distribution and damping rate are given by the
dotted line for comparison.
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ent values of r when q = 4 and (b) the corresponding damping rates for
the same values of r and q when F = 0.01, Tc = 1 eV, and Th = 10 eV.
Maxwellian distribution and damping rate are given by the dotted line
for comparison.

5. Limiting case
As mentioned above, in the limit r = 0 and q = κ + 1,

Eq. (1) is reduced to kappa distribution function,[2,12] and in
the limiting case r = 0 and q→ ∞, equation (1) is reduced
to the well-known Maxwellian distribution function. We now
plot the generalized (r, q) distribution function in these lim-
its together to see how a distribution consisting of a purely
Maxwellian core superimposed by a high-energy tail affects
the pure Maxwellian damping rate. In Fig. 7, the cold bulk
part of the distribution is plotted in the limit r = 0 and q→ ∞.
That is to say, it represents the Maxwellian distribution func-
tion, and for the small bulk population, distribution is plotted
in the limit r = 0 and q = κ + 1. In other words, it repre-
sents the kappa distribution function. Therefore, the complete
distribution is a combination of a kappa distribution function
superimposed on a cold bulk Maxwellian. We can see that as
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Fig. 7. Profiles of generalized (r, q) distribution function in the limiting
cases when the cold bulk population represents Maxwellian distribution
and a small hot population represents the kappa distribution function
when F = 0.01, Tc = 1 eV, and Th = 10 eV.
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q or κ decreases, the high-energy tail of the distribution in-
creases. Corresponding damping rates are plotted in Fig. 8,
where we can see that damping rate significantly increases for
all the values of q in the range 0.0 ≤ kλD ≤ 0.8, and then be-
comes equal to the Maxwellian damping rate when kλD > 0.8.
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Fig. 8. Landau damping rates for the same parameters as that of Fig. 7.
Enhancement of the Landau damping rates can be seen in the smaller
wave numbers which becomes equal to Maxwellian damping rates as
kλD > 0.08.

6. Comparison
Figure 9 shows the comparison between the magnitudes

of damping rates when the distribution function contains a 1%
hot population at 10 eV added to the 99% cold bulk population
at 1 eV (solid line) and when the hot population is increased
to 10% at 10 eV of the cold bulk population at 1 eV (bold
solid line). We can see that as the percentage of hot popula-
tion increases, a significant enhancement in the damping rate
is clearly witnessed for all values of kλD. Therefore, for the
larger fraction of the hot population (10%), the Landau damp-
ing is enhanced significantly for the generalized (r, q) distri-
bution function.
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Fig. 9. Damping rates when the distribution function contains a 1%
hot population at 10 eV added to the 99% cold bulk population at 1 eV
(solid line) and when the hot population increases to 10% at 10 eV of
the cold bulk population at 1 eV (bold solid line). Enhancement in the
damping rate is clearly seen for higher temperatures of a small hot pop-
ulation.

Figure 10 depicts the comparison between the magnitudes
of damping rates when the distribution function contains only
one cold bulk population at 1 eV (dotted line), a 1% hot pop-
ulation at 10 eV added to the 99% cold bulk population at 1

eV (dashed line) and when a 10% hot population at 10 eV
is added to the 90% of cold bulk population at 1 eV (solid
line). We can see that the presence of a small hot population
can significantly increase the damping rate as compared to the
damping rate when the small hot population is absent from the
distribution function. Further increase in the percentage of the
hot population results in further enhancement of the damping
rates.
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Fig. 10. Damping rates when the distribution function contains only
one cold bulk population at 1 eV (dotted line), a 1% hot population at
10 eV added to the 99% cold bulk population at 1 eV (dashed line) and
when a 10% hot population at 10 eV is added to the 90% of cold bulk
population at 1 eV (solid line). A clear and considerable enhancement
in the damping rates is witnessed due to the presence of a small hot
population.

Figure 11 shows the comparison between the magnitudes
of damping rates when the distribution function contains a 1%
hot population at 10 eV (solid line), at 20 eV (dashed line),
and at 30 eV (dotted line) added to the 99 % cold bulk pop-
ulation at 1 eV. We can see that as the temperature of the hot
population increases, a significant enhancement in the damp-
ing rate is clearly witnessed for the values when kλD < 0.15.
Comparison between Fig. 9 and Fig. 11 shows that damping is
more pronounced for the density than the temperature of the
hot population.

10-1

10-2

10-3

10-4

10-5

10-6

Ω
i

kλD
0 0.10 0.20 0.30

Fig. 11. Damping rates when the distribution function contains a 1%
hot population at 10 eV (solid line), at 20 eV (dashed line) and at 30 eV
(dotted line) added to the 99% cold bulk population at 1 eV. Enhance-
ment in the damping rate is evident for the increase in temperature of
the hot population when kλD < 0.15.

7. Discussion and conclusion
In plasmas where there exist two electron populations

with different temperatures, both weak and strong damping
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rates have been investigated modelled with generalized (r,
q) distribution function under different density and tempera-
ture conditions and values of spectral indices as shown above.
Comparison between Maxwellian distribution function and its
corresponding damping rate is also given. The departure from
the Maxwellian damping rate is strongly dependent on the
spectral indices r and q for the generalized (r, q) distribution
function. This has implications for plasmas like that of the so-
lar wind, magnetosphere, and laboratory plasmas where such
distributions are found.

Effects of two temperature plasmas are important for
a wide range of temperature ratios and density variations.
These, however, cannot be completely covered in a single
study. Therefore, in this study, for numerical purposes we
have considered 1% of a hot population at 10 eV and a cold
dense population at 1 eV based on the following studies. For
a one-dimensional particle-in-cell (PIC) simulation of beam–
plasma interaction,[53] 0.1% of a hot population is produced
at a temperature 10 times the cold bulk population tempera-
ture. Using these parameters, simulation results were in good
agreement with their theoretical model. Moreover, Wickens
et al.[54] have found that the hot to cold electron temperature
ratios change from 6 to 10 while studying the ion emission
from laser-produced plasmas with two electron temperatures.
Kegel[55] also observed stronger Landau damping than in ther-
modynamic equilibrium when hot to cold electron temperature
ratio is kept at 10 during the study of light scattering from plas-
mas with a non-Maxwellian velocity distribution. In a compre-
hensive study of solar wind electron distribution functions in-
side magnetic clouds,[33] the halo temperature has been found
to be one order higher than the core electron temperature.

The enhancement in Landau damping rates of Langmuir
waves for the generalized (r, q) distribution function in the
small wave number kλD < 0.1 is explained. Here the phase
velocity of the wave is superthermal, and high-energy parti-
cles in the tail of the distribution readily absorb energy from
the wave. In this velocity region, the generalized (r, q) distri-
bution function contain power law tail whose slope (in mag-
nitude) decreases with increasing q or r, which explains why
smaller values of q and r enhances damping in the small wave
number region. Varying r or q not only changes the slope
of the distribution function but also the phase velocity of the
wave. The former occurs nonuniformly in the velocity space,
while the latter in k space. The interplay between these two
nonuniform variations gives rise to the complicated depen-
dence of damping rates on r or q in intermediate wave num-
bers 0.1 < kλD < 0.2. Therefore, the high phase velocity of
the Langmuir wave in the small wave number region ensures
that such waves couple strongly to a small hot electron popu-
lation in the tail of the distribution with a resulting enhance-
ment in the damping as compared to the Maxwellian damping

rate. Thus, a highly non-Maxwellian electron VDFs favour the
observations of shorter wavelength Langmuir waves in lab-
oratory and space plasmas as compared to the Maxwellian
plasmas. Whereas, Maxwellian plasmas favour the observa-
tions of long wavelength Langmuir waves as compared to the
non-Maxwellian plasmas. However, the electromagnetic pic-
ture can alter the picture determined by a purely electrostatic
picture. Thus, the theoretical model presented here may be
helpful in understanding Langmuir waves damping with non-
Maxwellian distributions in a variety of plasmas, where such
waves are observed experimentally,[56] in the auroral zone,[44]

Earth’s bow shock,[45] interplanetary shocks,[46] and in the so-
lar wind.[47,48]
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