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In this paper, we have studied linear and nonlinear propagation of electron acoustic waves (EAWs)

comprising cold and hot populations in which the ions form the neutralizing background. The hot

electrons have been assumed to follow the generalized ðr; qÞ distribution which has the advantage

that it mimics most of the distribution functions observed in space plasmas. Interestingly, it has been

found that unlike Maxwellian and kappa distributions, the electron acoustic waves admit not only

rarefactive structures but also allow the formation of compressive solitary structures for generalized

ðr; qÞ distribution. It has been found that the flatness parameter r, tail parameter q, and the nonlinear

propagation velocity u affect the propagation characteristics of nonlinear EAWs. Using the plasmas

parameters, typically found in Saturn’s magnetosphere and the Earth’s auroral region, where two

populations of electrons and electron acoustic solitary waves (EASWs) have been observed, we

have given an estimate of the scale lengths over which these nonlinear waves are expected to form

and how the size of these structures would vary with the change in the shape of the distribution

function and with the change of the plasma parameters. Published by AIP Publishing.
https://doi.org/10.1063/1.5026186

I. INTRODUCTION

Electron acoustic waves (EAWs) are customarily high-

frequency plasma waves where the inertia comes from a

scant number of cold electrons while the restoring force

comes from the dominant thermalized inertialess hot elec-

trons and the ions form the neutralizing background. The

validity of the fluid model requires the phase velocity of the

electron acoustic wave to lie between the thermal velocities

of cold and hot electrons. The electron acoustic wave has

been observed to play an important role both in laboratory

and space plasmas as the two populations of electrons have

been frequently detected in these environments. EAWs have

successfully been used to explain the electrostatic compo-

nent of the broadband electrostatic noise (BEN) observed in

the cusp of the terrestrial magnetosphere and in the geomag-

netic tail.1–4 Using Geotail spacecraft data, BEN has been

shown to be composed of a single or a sequence of isolated

electrostatic solitary waves (ESWs).4 Observations from the

Fast Auroral Snapshot (FAST) satellite5 have shown the

presence of single-period structures with large amplitudes

(up to 2.5 V/m). These structures have been found to move

faster than the ion acoustic speed and carry substantial poten-

tials (up to 100 V). Two-electron temperature plasmas have

also been observed in terrestrial bow shock, magnetosheath,

magnetopause, the heliospheric termination shock, and plan-

etary and neutron star magnetospheres. The linear6–9 and

nonlinear7,10–12 properties of EAWs have extensively been

studied in the literature. Very recently, in the Magnetized

Plasma Linear Experimental device, the wave has been

observed and seen to propagate with the phase velocity

approximately 1.8 times the electron thermal velocity. A

small amount of cold, drifting electrons, with the moderate

bulk to cold temperature ratio (�2–3) has also been found to

be present in the device.

The electron distribution functions observed in space

have been found to show a departure from the Maxwellian

distribution. One of these distributions is kappa distribution

which looks like Maxwellian at low energies but has modi-

fied tails at high energies. Kappa distributions with 2 � j
� 6 have been found to fit the observations and satellite data

in the solar wind,13 the terrestrial magnetosphere,14 the ter-

restrial plasmasheet,15–17 the magnetosheath,18 the radiation

belts,19 the magnetosphere of other planets such as

Mercury,20 the magnetosphere of Jupiter,21 the Io plasma

torus as observed by Ulysses22 and Cassini,23 and so on and

so forth. In the auroral region, Freja and Viking satellites

observed the density depletion structures which were

explained by another non-Maxwellian Cairns distribution.

However, electron distributions have been observed in

regions of space plasmas with modified tails and flat tops.

Such distributions differ significantly from kappa and Cairns

distribution functions. More than a decade ago, Qureshi

et al.24 constructed a new non-Maxwellian distribution func-

tion comprising two spectral indices r and q, instead of one

spectral index used in the kappa distribution function to

explain the observed phenomena in space plasmas in a more

thorough manner. It would be beneficial to mention here that

ðr; qÞ distribution has an immense advantage over the other

distribution functions as it can impersonate almost all the

distribution functions by using different choices of r and q:18

The paper is arranged as follows: In Sec. II, we first intro-

duce the generalized ðr; qÞ distribution and explain how the

two spectral indices r and q modify the shape of the distribution
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function. We then present the basic set of equations governing

the system under consideration. In Sec. III, we lay down the

stretching and perturbation scheme to derive the nonlinear

Korteweg de Vries (KdV) equation for the ion acoustic waves

in which the electrons follow the generalized ðr; qÞ distribution.

We also explore in detail the effect of spectral indices r and q
on the propagation characteristics of linear and nonlinear elec-

tron acoustic waves. Finally, main findings of this paper have

been recapitulated in Sec. IV.

II. MODEL DISTRIBUTION AND EQUATIONS

Distribution functions observed in the Earth’s magneto-

sphere such as in the magnetosheath25–27 and polar cusp28

often show distinct features which are not present in the

Maxwellian and kappa distributions. These observed distri-

butions have flat top or shoulders at low energies superim-

posed by either Maxwellian or superthermal tails.17,24 The

presence of flat top or shoulders cannot be modeled by either

Maxwellian or kappa distribution and the only way to repre-

sent them is generalized ðr; qÞ distribution function which

has the following functional form:

Frq vð Þ ¼ a

p vtð Þ3=2
1þ 1

q� 1

v2 � 2e/=me

b 2Te=með Þ

( )rþ1
0
@

1
A
�q

;

(1)

where

a ¼
3 C q½ � q� 1ð Þ�3= 2þ2 rð Þ

4 b3=2 C q� 3

2þ 2 r

� �
C 1þ 3

2þ 2 r

� � ; (2)

b ¼
3 q� 1ð Þ�1= 1þrð Þ C q� 3

2þ 2 r

� �
C

3

2þ 2 r

� �

2 C q� 5

2þ 2 r

� �
C

5

2þ 2 r

� � : (3)

Here, r and q are the two spectral indices representing the

degree of flatness and suprathermal particles in the distribu-

tion function, respectively, and satisfy the conditions q > 1

and qðr þ 1Þ > 5=2. Also, /, C, vt ¼
ffiffiffiffiffiffi
2 Te

me

q
, Te are the elec-

trostatic potential, gamma function, thermal velocity, and

electron temperature, respectively.

We can obtain the hot electron number density by inte-

grating the distribution function (1) over the velocity space

which is given here as under

nh ¼ nh0 1þ A /þ B /2
� �

: (4)

Here, / ¼ e/=Th, and

A ¼
q� 1ð Þ�1= 1þrð Þ C q� 1
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� �
C

1
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� �
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� �
C

3
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B ¼ �
1þ 4 rð Þ q� 1ð Þ�2= 1þrð ÞC qþ 1

2þ 2 r

� �
C
�1

2þ 2 r

� �

8 b2 C q� 3

2þ 2 r

� �
C

3

2þ 2 r

� � :

(6)

The above constants A and B in Eqs. (5) and (6) reduce

to constants for kappa distribution, i.e., A ¼ j�1=2

j�3=2
and

B ¼ ðj�1=2Þðjþ1=2Þ
2 ðj�3=2Þ2 in the limit r ¼ 0, q! ðjþ 1Þ and for

Maxwellian distribution, i.e., A ¼ 1 and B ¼ 1=2 in the limit

r ¼ 0, q!1:21,29

Before we go on and describe the nonlinear evolution

for electron acoustic waves, it is imperative that we write

down a few lines about the existence of two-electron temper-

ature plasma which is a pre-requisite for the propagation of

electron acoustic waves (EAWs). The genesis of the multi-

species model for identical particles dates to the days when

it was used as an initial condition in the theoretical study of

electron beam systems.30 It was shown by Ikezawa and

Nakamura31 that the addition of a hot component in addition

to the cold one will exacerbate the Landau damping of the

electron acoustic wave and they also gave an estimate of the

electron-electron collisions and interestingly noted that the

relaxation time is shorter than the collision time which sug-

gested another mechanism besides collisions for the relaxa-

tion of two-electron species. Yu and Luo32 wrote a brilliant

article about the limitations of multi-species models used

for the same mass species. It was suggested that the multi-

species model makes more sense when the two electrons are

physically separated in phase space and there is no chance of

the mixing explained above. He presented a couple of sce-

narios including trapping of particles that could help us con-

struct a reasonable multi-species model for identical species.

In our model, we have taken the dynamics of cold electrons

and hot species have been assumed to be governed by the

generalized ðr; qÞ distribution. Such a scenario is possible in

space plasmas as the particles can come from a different

region of space where the physical conditions were different.

The magnetosphere is replete with such observations. The

additional advantage of assuming such a situation is that

electron-electron collisions no longer pose the technical diffi-

culty as the two electron-populations do not belong to the

same phase space distribution function. The above-mentioned

examples of the observations of electron acoustic waves in

space plasmas fortify our assumption.

To study the propagation of nonlinear electron acoustic

solitary waves (EASWs), we consider collisionless, homo-

geneous, and unmagnetized plasma comprising cold elec-

trons, ðr; qÞ distributed hot electrons, and immobile ions.

The model equations in one dimension are governed by

the following set of continuity, momentum, and Poisson’s

equations:

@ nc

@t
þ
@ ncvcð Þ
@x

¼ 0; (7)

@vc

@t
þ vc

@vc

@x
¼ c

@/
@x

; (8)
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@2/
@x2
¼ 1

c
ncþnh � 1þ 1

c

� �
: (9)

Here, nh and nc are hot and cold electron number densities

normalized by background number density n0, c ¼ nh0

nc0
is the

ratio of hot to cold electrons, and vc is cold electron velocity

normalized by ce ¼ Th

c m

	 
1
2
, whereas time and space are nor-

malized by x�1
pi ¼

ffiffiffiffiffiffiffiffi
�0m

nc0e2

q
and kDh ¼

ffiffiffiffiffiffiffiffi
e0Th

nh0e2

q
, respectively.

To derive the nonlinear Korteweg de Vries (KdV) equa-

tion for EAWs, the following stretched coordinates are used:

n ¼ e
1
2 x� V0tð Þ and s ¼ e3=2t; (10)

where e is a small parameter representing the strength of

nonlinearity and V0 is the phase velocity of the solitary

wave. Using the reductive perturbation method,17 n, v, and /
in perturbed form can be written as

nc ¼ 1þ e n1c þ e2n2c þ � � � ; (11)

vc ¼ e v1c þ e2v2c þ � � � ; (12)

u ¼ e /1 þ e2/2 þ � � � : (13)

Equations (7)–(9) in lowest order in e are given below,

V0n1c ¼ v1c; (14)

V0v1c ¼ � c/1; (15)

V0 ¼
1ffiffiffi
A
p : (16)

For the next higher order in e, Eqs. (7)–(9) yield

@n1c

@s
� V0

@n2c

@n
þ @v2c

@n
þ
@ n1cv1cð Þ

@n
¼ 0; (17)

@v1c

@s
� V0

@v2c

@n
þ v1c

@v1c

@n
� c

@/2

@n
¼ 0; (18)

@2/1

@x2
¼ 1

c
n2c þ A /2 þ B /1

2: (19)

The algebraic manipulation of Eqs. (17)–(19) leads to the

following KdV equation for the EAWs with generalized (r,q)

distribution:

@/1

@s
þ C

@/2
1

@n
þ D

@3/1

@n3
¼ 0; (20)

where

C ¼ � 1

2

3c
2V0

þ V0
3B

� �
and D ¼ V0

3

2
: (21)

For the sake of completeness, it suffices to say that C is the

coefficient of nonlinearity, whereas D is the dispersive coef-

ficient. The solution of KdV equation (20) can be written as

/ ¼ 3u

C
Sech

n
D

� �2

; (22)

where u is the velocity of the nonlinear structure and

D ¼
ffiffiffiffiffi
4D
u

q
is the width of the solitary structure.

III. NUMERICAL RESULTS

Figure 1 depicts the rarefactive solitary structures

obtained in the limiting cases when r ¼ 0; q!1
(Maxwellian) and r ¼ 0; q! jþ 1 (kappa) of KdV equa-

tion given by Eq. (20). In both cases, we find rarefactive soli-

tary structures and if spectral index q increases, solitary

structures approach towards the Maxwellian case.

Figure 2 manifests the behavior of electron acoustic rar-

efactive solitary structures for different values of the flatness

parameter r when q is kept fixed. It is found that the increas-

ing value of r mitigates the amplitude of the solitary struc-

ture; however, the width of the solitary structure enhances.

Figure 3 explores the behavior of nonlinear EAWs for differ-

ent negative values of r, which represent a spiky distribution

function, by keeping q constant. We note that an increase in

the negative value of r brings about an increase in the ampli-

tude of the solitary structures. If we further increase the neg-

ative value of r; the polarity of the solitary structures

reverses and we obtain compressive solitary structures. This

FIG. 1. KdV electron-acoustic rarefactive solitary structures for ðr; qÞ distri-

bution in the limiting cases for Maxwellian distribution when r ¼ 0 and

q!1 (dotted), and kappa distribution when r ¼ 0 and q ¼ 3 (red), 5

(blue), and 15 (black). The other parameters are c ¼ 0:4 and u ¼ 0:1.

FIG. 2. KdV electron-acoustic rarefactive solitary structures for different

values of r ¼ 1 (red), 2 (blue), 3 (black), and 4 (green) when q ¼ 2, c ¼ 0:4,

and u ¼ 0:1.
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is indeed quite interesting and reflects the complex interplay

between the terms appearing in the nonlinearity coefficient

of the KdV equation. It is pertinent to mention here that the

sign of the nonlinearity coefficients determines the polarity

of the nonlinear electron acoustic solitary structures.

Figure 4 shows the behavior of electron acoustic rarefac-

tive solitary structures for different values of q for the fixed

value of r. We can see that if the value of q increases the

amplitude of the solitary structures also increases in terms of

magnitude. Figure 5 shows the behavior of rarefactive soli-

tary structures for different values of propagation velocity u
when the values of r and q are kept fixed. We can see that as

the value of u increases the amplitude of the rarefactive soli-

ton increases. Figures 6–8 show the maximum amplitude of

solitary structures against the possible ranges of propagation

velocity u for different values of r and q. Figure 6 depicts the

maximum amplitude of the rarefactive solitary structures

versus the possible range of the propagation velocity u for

different values of positive r when c ¼ 0:4 and q ¼ 2 (thin

line), q ¼ 10 (thick line). We can see that rarefactive solitary

structures could be obtained for large values of u when r ¼ 3

and this range decreases as r becomes smaller. For a fixed

value of r, the range of propagation velocity decreases as q
becomes smaller.

Figure 7 manifests the maximum amplitude of the rare-

factive solitary structures versus the possible range of the

propagation velocity u for different values of negative r
when c ¼ 0:4 and q ¼ 5 (thin line), and q ¼ 10 (thick line).

We can see that rarefactive solitary structures could be

obtained for large values of u when r ¼ �0:1 and this range

decreases as the negative value of r increases. For a fixed

value of r; the range of propagation velocity increases

when q increases. Finally, Fig. 8 shows the maximum

amplitude of the compressive solitary structures against the

possible range of the propagation velocity u for different

values of negative r when c ¼ 0:4 and q ¼ 5 (thin line),

and q ¼ 10 (thick line). We can see that rarefactive solitary

structures could be obtained for large values of u when the

negative value of r increases. For a fixed value of r; the

range of propagation velocity increases with the increase in

values of q.

Since two components of electrons are frequently

observed in space plasmas, we can estimate the scale lengths

of the structures from these regions based on the observed

parameters. Observations from Saturn’s magnetosphere

FIG. 3. KdV electron-acoustic rarefactive solitary structures for different

negative values of r ¼ �0:1 redð Þ;�0:2 blueð Þ � 0:27 (black) and com-

pressive solitary structures soliton r ¼ �0:35 (green), �0:37 (orange) and

�0:35 (pink) when q ¼ 10, c ¼ 0:4, and u ¼ 0:1.

FIG. 4. KdV electron-acoustic rarefactive solitary structures for different

negative values of q ¼ 2 redð Þ; 3 blueð Þ; 5 blackð Þ; and 10 ðgreenÞ when

r ¼ 1, c ¼ 0:4, and u ¼ 0:1.

FIG. 6. Maximum amplitude of electron-acoustic rarefactive solitary structures

against the propagation velocity u for different values of r ¼ 1 blueð Þ;
2 ðredÞ; 3 blackð Þ when c ¼ 0:4; q ¼ 2 (thin line), and 10 (thick line).

FIG. 5. KdV electron-acoustic rarefactive solitary structures for different

values of u ¼ 0:1 redð Þ; 0:2 blueð Þ; and 0:3 ðblackÞ when c ¼ 0:4, q ¼ 2,

and r ¼ 1.
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show that hot electrons have temperatures in the range

400–1000 eV and densities vary from 0.01–0.18 cm�3.33

From the solitary structures plotted in Figs. 1–5, the scale

length of the rarefactive solitary structures for Maxwellian

and kappa distribution lies in the range of 15–45 km and

5–30 km, respectively, whereas the scale length of the rare-

factive solitary structures for the case of ðr; qÞ distribution

lies in the range of 10–60 km for positive values of r and

10–30 km for negative values of r. The scale length of com-

pressive solitary structures, which are only observed for

ðr; qÞ distribution, lies in the range 5–30 km. In the Earth’s

auroral region, hot electrons are observed with densities

1.5–2.0 cm�3 and temperature 250 eV.34 Corresponding to

Figs. 1–5, the scale length of the rarefactive solitary struc-

tures for Maxwellian and kappa distribution lies in the range

of 2.5–2.9 km and 0.8–1.92 km, respectively. The scale

length of the rarefactive solitary structures for the case of

ðr; qÞ distribution lies in the range of 1.66–3.84 km for posi-

tive values of r and 1.66–1.92 km for negative values of r
where compressive solitary structures have scale lengths in

the range 0.8–1.92 km.

IV. CONCLUSION

In this paper, we have studied the nonlinear propagation

of electron acoustic waves in the presence of electrons which

follow the generalized ðr; qÞ distribution. It is fairly well

known that only rarefactive solitary structures can be

obtained when electrons obey Maxwellian or kappa distribu-

tions. However, interestingly, it has been found that when

electrons follow a generalized ðr; qÞ distribution function,

the nonlinear electron acoustic waves admit both rarefactive

and compressive solitary structures. For positive values of r
that correspond to a flat-topped distribution, we have found

density depletions or rarefactive solitary structures which

had been detected by Freja and Viking satellites.13,35 It has

been shown that the flatness parameter r, tail parameter q,

and the propagation velocity of the nonlinear structure sig-

nificantly modify the propagation characteristics of nonlinear

electron acoustic solitary waves. Using the plasma parame-

ters typically found in Saturn’s magnetosphere and Earth’s

auroral region, we have presented an estimate of the spatial

scales over which the nonlinear EAWs are expected to form.

A very recent study reports the existence of electron acoustic

solitary structures that have spatial scales of the order of a

kilometer in the inner magnetosphere36 which support our

estimates based on theoretical modelling of these structures.
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