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ABSTRACT

The anomalous skin depth has been calculated using the surface impedance for the transverse waves in unmagnetized plasma. The effect of
temperature anisotropy on the surface impedance and the anomalous skin effect have been studied using the kinetic model for an
electromagnetic wave normally impinging on a plasma surface filling the half space z> 0. It is noted that the maximum value of the real part

of the surface impedance occurs when x
xpe
¼

ffiffi
p
8

p vtjj
c

ffiffiffiffiffi
T?
Tjj

q
. The imaginary part, however, is not affected by the temperature anisotropy

parameter significantly. It has been found that in the case of anisotropic plasma, the skin depth varies as x�1 in the low frequency regime
which is different from isotropic plasma where the skin depth varies as x�1/3. In the low frequency regime, the skin depth first increases with
the temperature anisotropy and then starts decreasing with an increase in the temperature anisotropy parameter g. However, in the large
frequency regime, the skin depth is inversely proportional to the temperature anisotropy parameter g. These results have been confirmed by
numerically plotting the surface impedance and the skin depth for a wide range of plasma parameters.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5099127

I. INTRODUCTION

When the frequency of the electromagnetic (EM) wave is less
than plasma frequency, it attenuates upon its interaction with the
plasma. This phenomenon is known as the skin depth. The penetra-
tion of an electromagnetic (EM) wave inside a plasma depends on
numerous parameters such as number density, frequency of the wave,
collision frequency of electrons with the background species, thermal
speed of the electrons, and the boundary conditions of the plasma
reactor in the case of laboratory plasma.1–3 As already mentioned, the
term skin depth is used to measure the length up to which the field
penetrates inside the plasma. Depending on the thermal motion of
electrons, the phenomenon of skin depth can be categorized into two
kinds. If the electron thermal motion is weak and is not taken into
account, the penetration length of EM inside the conducting medium
is small and the phenomenon is called the normal skin depth.
However, if the thermal motion of the electrons is taken into account,
the penetration length of the EM waves inside conducting media is
increased. The increase in the skin depth owing to thermal motion of

the electrons is called the phenomenon of anomalous skin effect4,5

which is related to the collisionless heating in bounded as well as
unbounded plasma (where the plasma dimensions are much larger
than the wavelength). In the case of a bounded plasma, the presence of
a second boundary influences the penetration of the electromagnetic
field inside plasma if the distance between the boundaries, L, satisfies
the conditions L< k or L< d. In the case of discharge plasmas, due to
the finite size of the coil producing the radio frequency fields or due to
the influence of the metallic boundaries, the electromagnetic fields are
spatially inhomogeneous even in the absence of the skin effect. In this
case, it becomes necessary to differentiate between the field shielding
by the plasma and from the effects of plasma geometry.3,6 Some
researchers have studied the phenomenon of skin depth in metals,7–14

while the others have discussed it theoretically and have performed
experimental measurements regarding the skin depth in different types
of plasmas.15,16

The skin depth has a wide range of applications in other fields
such as laser plasma interaction,17 material processing,18 and inductively
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coupled plasmas.19 The penetration of the electromagnetic field
inside plasma depends on the plasma frequency which in turn
depends on the plasma density through xpe ¼ ð4pn0e

2

me
Þ1=2. Here, xpe

is the plasma frequency and n0 is the plasma density. If the fre-
quency of the penetrating wave x < xpe, then the plasma is called
overdense plasma and the penetration of the electromagnetic wave
through the plasma is not possible. However, if the frequency of the
penetrating wave x > xpe, then the plasma is called underdense
plasma and the electromagnetic wave can pass through the plasma.
Thus, the frequencies that can pass through the plasma depend on
the plasma density. For example, in the case of discharge plasma,
the plasma density is of the order of 1012 cm�3 which corresponds
to plasma frequency in the range of about 10GHz. Now if the
frequency of the electromagnetic wave is less than this plasma
frequency, the skin effect shall be observed. Similarly, in the case of
laser produced plasma, the plasma density is of the order of
1015 cm�3 which corresponds to plasma frequency which is more than
200GHz. Now if the frequency of the electromagnetic wave is less than
this plasma frequency, the plasma shall be termed as overdense plasma
and the phenomenon of skin depth will be observed. Theoretical stud-
ies of normal and anomalous skin depth have been performed by well
known plasma experts such as Weibel.20 During the propagation of
electromagnetic waves in solar winds, the concept of skin depth can be
used to understand the mechanism of interaction of solar wind with
the Earth’s magnetic field, which can be further used for examination
of various mechanisms in the magnetosphere.21,22

The particle distribution function has a significant effect on the
thermal energy of the electrons and hence on the skin depth inside the
plasma. Most of the studies of skin depth have used isotropic distribu-
tion functions. However, in certain cases, the velocity distribution
function is not isotropic. Anisotropic distribution functions have been
observed in experiments when an intense laser interacts with matter,
in experiments on plasma processing23,24 and during tunnel atom ion-
ization.25–28 In situ satellite instruments have shown that the terrestrial
magnetosphere29 and the solar wind30 contain the electron velocity
distribution functions possessing nonthermal properties along with
temperature anisotropies. This temperature anisotropy plays a signifi-
cant role in the fire-hose instability.31,32 The distribution functions
with temperature anisotropy give rise to new phenomena inside
plasma such as Weibel instability.33,34 Kaganovich et al.35,36 and
Ferrante et al.37,38 have discussed the anomalous skin effect in the
presence of anisotropic distribution function and compared their
results with the isotropic distribution function. However, these studies
on the skin depth are qualitative rather than quantitative.
Furthermore, they have not derived any expression which relates the
skin depth and surface impedance in anisotropically distributed
plasma. The real part of surface impedance tells about the power
absorption inside plasma, while the imaginary part tells about the
phase of the reflected wave. In this work, we have not only derived the
formula for the skin depth but also confirmed it by numerically solving
the expression for the skin depth. We have also numerically calculated
the surface impedance in the presence of temperature anisotropy. A
relationship between the skin depth and the surface impedance has
been derived. Following is the layout of the paper. In Sec. II, the details
of the mathematical model along with the formulas for surface imped-
ance and skin depth have been given. The results and their discussion
are given in Sec. III. The summary of the paper is given in Sec. IV.

II. MATHEMATICAL MODEL

In plasmas generated by powerful ultrashort ionizing laser
pulses, for example, the kinetic energy of the electrons is very high.
Owing to this high electron kinetic energy, the electron-electron
and electron-ion collisions are negligible to a large extent.34,37–39

This means that above-mentioned plasma can be modeled by using
the coupled system of Maxwell and Vlasov equations. The Vlasov
equation can be written as

@f
@t
þ v:

@f
@r
þ e
m

Eþ 1
c
v � B

� �
:
@f
@v
¼ 0; (1)

andMaxwell’s curl equations are given by

cr� E ¼ � @B
@t
; (2)

cr� B ¼ 4pJþ @E
@t
: (3)

In the above set of equations, f is the velocity distribution func-
tion, E is the electric field, B is the magnetic field, J is the current den-
sity, c is the speed of light, and e and m are the electron charge and
mass, respectively. The Vlasov equation can be linearized by taking f
¼ f0 þ f1, where f0 is the equilibrium part of the distribution function
and f1 is the perturbed part of the distribution function. The linearized
Vlasov equation can be written as

@f1
@t
þ v � @f1

@x
þ e
m

E1 þ
1
c
v� B1

� �
� @f0
@v
þ e
mc

v� B0
@f1
@v
¼ 0:

As we have considered the unmagnetized plasma, i.e., B0 ¼ 0, we
take in our calculations only the perturbed value of electric and mag-
netic fields, and the linearized Vlasov equation simplifies to

@f1
@t
þ v � @f1

@x
þ e
m

E1 þ
1
c
v� B1

� �
� @f0
@v
¼ 0:

This system of equations is solved to study the dynamics of the
plasma system. Taking the Fourier-Laplace transformation ð @@t ¼ �ix;
@
@x ¼ ikÞ of the above equations, we get

�ix f1 þ i v � kf1 þ e E1 þ
1
c
v � B1

� �
� @f0
@v
¼ 0:

The perturbed part of the distribution function f1 can be writ-
ten as

f1 ¼ i
qa=mað Þ

x� k:v
E1:

@f0
@v
þ 1

c
v � B1:

@f0
@v

� �
; (4)

and curl Eqs. (2) and (3) can be written in the frequency space as

ðx2 � c2k2Þdij þ c2kikj � i4pxrij

� �
E1j ¼ 0: (5)

Here, rij is the conductivity tensor which is expressed using Ohm’s
law

J1i ¼ rijE1j ¼ qa

ð
vif1d

3v: (6)

Consider the polarization of the wave in which the perturbed
magnetic field B1, electric field E1, and wave vector (k) are taken along
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the “x-axis,” “y-axis,” and “z-axis,” respectively. The geometry of the
wave is shown in Fig. 1. On simplifying Eqs. (4)–(6), we obtain the dis-
persion relation for transverse waves in an anisotropic electron
plasma,35

c2k2

x2
¼ 1þ 4pe2

mx2

ð
dv v?

@f0
@v?
þ v2?k
ðx� vjjkÞ

@f0
@vjj

" #
: (7)

By using the anisotropic Maxwellian distribution and after sim-
plifying, the dispersion relation reduces to

c2k2

x2
¼ 1�

x2
pe

x2
1� T?

Tjj
1þ nZðnÞ
� �	 


; (8)

where n ¼ x
kvtjj

and Z(n) is the standard plasma dispersion function.
By solving Maxwell’s equation, we obtain

d2

dz2
EyðzÞ þ

x2

c2
EyðzÞ ¼ �

4pix
c2

jy:

The electric field for the semi-infinite geometry is calculated by
considering the electric field symmetrically around the plasma, i.e.,
E(–z)¼ E(z). The Fourier transform of the electric field is:35

EyðkÞ ¼ �
2ix
c

Bð0Þ eikz

k2 � 2tðx; jkjÞ
x2

c2

;

where 2tðx; jkjÞ ¼ 1� x2
pe

x2

�
1� T?

Tjj
1þ nZðnÞ
� ��

:

The spatial profile of the electric field penetrating the plasma can
be written by taking the inverse Fourier transform of the above
equation

EyðzÞ ¼ �
ix
pc

Bð0Þ
ð1
�1

eikz

k2 � 2tðx; jkjÞ
x2

c2

dk: (9)

The surface impedance is defined as6

f ¼ 4p
c

Eyð0Þ
Bxð0Þ

: (10)

Using the above definition, one can write the surface impedance
for electromagnetic waves in plasma as follows:

f ¼ � 4ix
c2

ð1
�1

1

k2 � 2tðx; jkjÞ
x2

c2

dk: (11)

The surface impedance given by Eq. (11) gives information about
the power absorption inside the plasma. The real part gives the absorp-
tion coefficient, while the imaginary part tells about the phase of the
reflected wave. Kaganovich et al. have obtained an analytical expres-
sion for the surface impedance which is given by35

f ¼ �i 4px2

x2
pevt?

þ 4px=c

xpe

ffiffiffiffiffiffi
T?
Tjj

s
þ ic

ffiffiffi
p
p xffiffiffi

2
p

vtjj

: (12)

In this manuscript, the surface impedance is being used to get
information about the field penetration length (i.e., skin depth) inside
the plasma. The skin depth can be related to the surface impedance in
the following manner. Consider an electromagnetic wave whose elec-
tric field is along the y-axis and magnetic field is along the x-axis and
is propagating along the z-axis. For this wave, the electric field can be
written as

EyðzÞ ¼ Eyð0Þeikz ¼ Eyð0ÞeiðkrþikiÞz: (13)

The magnetic field associated with this wave can be found from
Faraday’s law

r� EyðzÞ ¼ �
ixBxðzÞ

c
;

or

EyðzÞ
BxðzÞ

¼ � ix
cðki � ikrÞ

: (14)

Here, we have taken the wave number to be complex and the fre-
quency to be real.40,41 The above equation can be used to write an
expression for the surface impedance given as

f ¼ � 4pix
c2

1
ðki � ikrÞ

¼ 4px
c2

kr � iki
ðk2r þ k2i Þ

: (15)

Solving this equation for ki, we can express the skin depth in
terms of surface impedance for an electromagnetic wave as

d ¼ 1
ki
¼ � c2

4px
jfj2

Imjfj : (16)

III. RESULTS AND DISCUSSION

To examine how the temperature anisotropy affects the surface
impedance, the integral given in Eq. (11) has been solved numerically
to find the real and imaginary parts of the surface impedance. As dis-
cussed above, the plasma can be overdense (x < xpe) or underdense
(x > xpe) depending on the plasma density and the frequency of the
electromagnetic wave. When the plasma density is low, the plasma
exhibits overdense behavior for relatively small frequencies, and when
the plasma density is high, the plasma exhibits overdense behavior forFIG. 1. Geometry of the wave.
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relatively large frequencies. So in order to keep discussion valid over a
wide range of frequencies and densities, the results have been plotted
for normalized frequencies, i.e., as a function of x/xpe. All the results
presented in this discussion are for overdense plasma where x < xpe.
Furthermore, in plasmas generated by a powerful ultrashort ionizing
laser pulse, an electron distribution function is created that is aniso-
tropic in the velocity space.34–39 In this kind of plasma, the electrons
moving in the direction (which is perpendicular to the direction of
propagation of the wave) of the ionizing wave electric field extract
more energy from the wave as compared to the electrons moving par-
allel to the direction of propagation of the electromagnetic wave. This
results in T? (temperature of the electrons moving perpendicular
to the direction of propagation of the wave) much more than Tjj
(temperature of the electrons moving parallel to the direction of prop-
agation of the wave). This difference in electron temperature is termed
as temperature anisotropy. We have defined a parameter g ¼ T?

Tjj
to

measure temperature anisotropy. For isotropic plasmas, T? ¼ Tjj, and
hence, g ¼ 1. The greater the value of g, the more anisotropic the
plasma. Figure 2(a) shows that the real part of the surface impedance
increases with an increase in the temperature anisotropy for low
and intermediate values of x/xpe; however, it becomes very small
when x/xpe exceeds the value of 0.3. Following Kaganovich et al.,35

the real part of the surface impedance can be written as

Re½f� ¼ 4p
c

x
xpe

ffiffiffiffiffiffi
T?
Tjj

s

T?
Tjj
þ pc2

8v2tjj

x2

x2
p

0
BBBBB@

1
CCCCCA: (17)

This expression shows that there is a competition betweenx/xpe in
the numerator and x2=x2

pe in the denominator. For small values of the
normalized frequency (x/xpe), we can neglectx2=x2

pe in the denomina-
tor and the real part of the surface impedance increases with an increase
in the value of x/xpe. However, when the value of x/xpe becomes large
depending on the value of temperature anisotropy parameter g, the real
part of the surface impedance starts decreasing due to the increase in the
value of the second term in the denominator. We also note that the peak
of the real part of the surface impedance shifts to higher values of the
normalized frequency when the temperature anisotropy parameter g is
increased. This dependence of the shift of the peak of Re[f] on the tem-
perature anisotropy parameter g can be seen by taking the derivative of
the above equation with respect to x

xpe
and putting it equal to zero. This

analysis shows that the peak of Re[f] occurs when

x
xpe
¼

ffiffiffi
p
8

r
vtjj
c

ffiffiffiffiffiffi
T?
Tjj

s
¼

ffiffiffi
p
8

r
vtjj
c

ffiffiffi
g
p

: (18)

This expression shows that the value of the normalized frequency
at which peak occurs depends on the square root of the temperature
anisotropy parameter. This means that for larger values of the temper-
ature anisotropy parameter, the peak shifts to larger values of x/xpe.
This behavior can be confirmed by looking at Fig. 2(a). Figure 2(b)
shows the plot of the imaginary part of the surface impedance as a
function of x/xpe. This plot shows that the temperature anisotropy
has no effect on the imaginary part of the surface impedance. The
magnitude of the imaginary part is very small for small values of the

normalized frequency; however, it becomes large for larger values of
the normalized frequency. Yoon et al.6 have modeled inductively cou-
pled plasma. In this work, it has been shown that in the case of induc-
tively coupled plasma, the imaginary part of the surface impedance is
negative. The part (b) of Fig. 2 shows that the imaginary part of the
surface impedance is negative for all values of the frequency, which
shows inductive coupling of electromagnetic power to the plasma.

In Fig. 3, we plot the skin depth as a function of x/xpe. This fig-
ure shows that in the low frequency regime, the skin depth of the
anisotropic plasma is larger as compared to the skin depth in isotropic
plasma. However, for larger values of the frequency, the skin depth
becomes less as compared to the isotropic plasma. When x/xpe

exceeds 0.1, the skin depth for all the values of the anisotropy parame-
ter converges to the skin depth value for the corresponding isotropic
plasma. This dependence of the skin depth on the normalized fre-
quency and the anisotropy parameter can be understood on the basis
of the analytical expressions for the skin depth derived from the

FIG. 2. Real (part a) and imaginary (part b) parts of the surface impedance are plot-
ted for various values of the surface impedance.
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analytical expression for the surface impedance. The anomalous skin
depth for isotropic plasma is given by

d ¼ c2vth
x2

pex

 !1=3

: (19)

This formula shows that for the isotropic plasma, the skin depth
varies as x�1/3 in the low frequency regime. In the case of anisotropic
plasma, the surface impedance in the low frequency limit can be writ-
ten as

f ¼ 4p
c

x

xpe

ffiffiffiffiffiffi
Tjj
T?

r
þ ic

ffiffiffi
p
p

x

2
ffiffiffi
2
p

vtjj

¼ 4px

xpe

ffiffiffiffiffiffi
T?
Tjj

s
� ic

ffiffiffi
p
p

x

2
ffiffiffi
2
p

vtjj

x2
pe
T?
Tjj
þ pc2x2

8v2tjj

2
666664

3
777775: (20)

The square of the absolute value of f and imaginary part of f can
be written, respectively, as

jfj2 ¼
16p2x2

c2

x2
pe
T?
Tjj
þ pc2x2

8v2tjj

(21)

and

Imjfj ¼ � 4px
c

c
ffiffiffi
p
p

x

2
ffiffiffi
2
p

vtjj

 !
1

x2
pe
T?
Tjj
þ pc2x2

8v2tjj

: (22)

The formula for the skin depth in the low frequency regime can
be written as

d ¼ 1
ki
¼ 2

ffiffiffi
2
p

r
vtjj
x
: (23)

This expression shows that for the low frequency regime in the
case of anisotropic plasma, the skin depth varies as x�1. This change

in dependence of the skin depth on the frequency in the presence of
anisotropic plasma is responsible for the increase in the skin depth in
the low frequency regime. In the large frequency regime, the surface
impedance can be written as

f ¼ � ix2c
x2

pevt?
þ
4px2

ffiffiffiffiffiffi
Tjj
T?

r
px2

pevt?
¼ 4px2

x2
pevt?

1
p

ffiffiffiffiffiffi
Tjj
T?

s
� i

2
4

3
5: (24)

In this case, the square of the absolute value of f and imaginary
part of f can be written, respectively, as

jfj2 ¼ 16p2x4

x4
pev

2
t?

1
p2

Tjj
T?
þ 1

	 

(25)

and

Imjfj ¼ � 4px2

x2
pevt?

: (26)

The expression for the surface impedance in the large frequency
regime can be written as

d ¼ c2x
x2

pevt?

1
p2

1
T?
Tjj

� �þ 1

2
64

3
75: (27)

This expression shows that, in the high frequency regime, the surface
impedance is inversely proportional to the temperature anisotropy
parameter g. This behavior can be seen in Fig. 3, which shows that the
skin depth is small for larger values of temperature anisotropy and the
skin depth is large for smaller values of the anisotropy parameter g.
This shows that our numerical results are in agreement with the ana-
lytical results for the skin depth.

Figures 4 and 5 show the effect of temperature anisotropy on the
skin depth in low and high frequency regimes, respectively. Figure 4
shows that in the low frequency regime, the surface impedance first
increases with anisotropy, and after reaching a maximum, it starts

FIG. 3. Skin depth vs normalized frequency for different values of the temperature
anisotropy parameter g ¼ T?

Tjj
.

FIG. 4. Skin depth vs temperature anisotropy parameter in the low frequency
regime.
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decreasing. However, in the large frequency regime shown in Fig. 5,
the dependence of the skin depth on temperature is monotonic. This
behavior of the dependence of the skin depth on the temperature
anisotropy is in agreement with the prediction of Eq. (27). This equa-
tion shows that, in the high frequency regime, the skin depth is
inversely proportional to the temperature anisotropy.

The skin depth predicted by this model can be confirmed by
measuring the electric field profile inside plasma. For this purpose, an
experiment can be designed by following Piejak et al.42,43 In this work,
Piejak et al. have measured the interaction of the electromagnetic field
with the plasma on the basis of the spatial distribution of the time-
varying magnetic field. For this purpose, a phase resolved magnetic
probe called the dB/dt or B-dot probe is used.42,43 The data obtained
by a B-dot probe can be used to measure the magnitude of the electric
field through Maxwell’s equations. Piejak et al. have performed experi-
ments in a cylindrical stainless-steel discharge chamber with a Pyrex
glass bottom. The B-dot probe consists of three bare wire loops to
simultaneously measure Br and

dBz
dr . The Br loop is one loop turn, while

the dBz
dr loop consists of a single turn in the shape of figure eight. The

electric field at position z can be determined by integrating the mea-
sured Br-dot signal along the axial direction.

For an axisymmetric system, the electric field is given by42,43

EhðzÞ ¼ �10�8ix
Ð
BrðzÞdz, where x is the driving frequency of the

electromagnetic wave, Br(z) is in Gauss, and the integration along z (in
cm) is from the upper wall to the position z inside plasma. The skin
depth can be calculated from the electric field profile by measuring the
distance of the point where the electric field becomes 1/e times the
value of the electric field at the surface of the plasma. Piejak et al. have
shown that for radio frequencies, the electric field decreases very rap-
idly and the skin depth is of the order of few centimeters,42,43 which is
in agreement with the prediction of calculations presented in this
work.

IV. SUMMARY

The skin depth/spatial damping which is of great interest in both
the space and the laboratory plasmas to explain the heating mecha-
nisms has been discussed in this paper. The effect of temperature
anisotropy on the surface impedance and the skin depth has been

studied. The results show that the real part of the surface impedance is
affected significantly by the temperature anisotropy parameter g, while
it has no significant effect on the imaginary part of the surface imped-
ance. Furthermore, it is also found how the skin depth appears in the
expression of surface impedance. Numerically calculated values of the
real and imaginary parts of surface impedance have been used to cal-
culate the skin depth. The effect of temperature anisotropy on the skin
depth has been studied over a large range of frequencies. The results
obtained by numerical calculations have been explained by deriving
analytical expressions for the skin depth in two limiting cases. It is
found that for the anisotropic plasma, in the small frequency regime,
the skin depth is inversely proportional to the frequency x. This
dependence of the skin depth on the frequency x in an anisotropic
plasma is different from the dependence of the skin depth on fre-
quency in isotropic plasma. In the case of isotropic plasma, the skin
depth varies as x�1/3. In the large frequency regime, the skin depth
increases with the increase in frequency until it approached the skin
depth calculated for an isotropic plasma. However, as far as the depen-
dence on the temperature anisotropy parameter is concerned, the skin
depth has an inverse relationship with the temperature anisotropy. For
low frequencies, the skin depth first increases with the increase in tem-
perature anisotropy and then it starts decreasing with a further
increase in the value of g. For high frequencies, the skin depth, how-
ever, decreases with an increase in the temperature anisotropy. When
the frequency becomes sufficiently large, the skin depth for an aniso-
tropic plasma (for all the values of the temperature anisotropy parame-
ter g) approaches the skin depth value of the corresponding isotropic
plasma.
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