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Abstract
In this paper, we have presented a comprehensive review of electron trapping in 
quantum plasmas. We have begun by giving a brief introduction of electron trapping 
in classical plasmas and then derived the expression of number density of trapped 
electrons for non-relativistic and relativistically degenerate cases and quantizing 
magnetic field. We have obtained the expression for Sagdeev potential for all these 
cases and explored the variation of solitary structures with the important plasma 
parameters. We have also derived the equations for drift ion acoustic and pure drift 
waves for spatially nonuniform quantum magnetoplasmas both in collisionless and 
collisional plasmas. The fundamental differences in trapping in classical and quan-
tum plasmas have been enunciated in detail. The applications of the work in ultra-
strong laser plasma interactions and white dwarf stars have also been pointed out.

Keywords Quantum plasmas · Trapping · Solitary waves · Shock waves · Fluid 
theory · Sagdeev potential

1 Introduction

More than 60 years ago, Klimontovich (1952), Bohm (1952) and Bohm and Pines 
(1953) in their seminal papers laid the foundations of the study of quantum plas-
mas and collective oscillations. These works were based on the pioneering work 
of Chandrasekhar  (1931) where the degenerate nature of electrons was recognized 
in astrophysical objects. These early works were followed by the famous paper by 
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Pines (1961) which paved the way for investigating collective interactions in quan-
tum solid-state plasma. Some early works in this direction accounted for quantum 
corrections and made analytical and numerical investigations (Shokri and Rukhadze, 
1999a, b; Shokri and Khorashady 2003; Luque et al. 2004). Such plasmas are degen-
erate, have high number densities and low temperatures and are described by the 
Fermi–Dirac distribution function. In such plasmas, due to their very high densi-
ties, the average interparticle distance, which can be estimated through the number 
density, and is taken as  ∼ n

−1∕3
e , decreases and becomes comparable to the de Bro-

glie wavelength �B = ℏ∕
(
2�meT

)1∕2 where me is the mass and T  the temperature in 
energy units and ne𝜆B≻1 [see for, e.g. Haas (2011)]. In such a situation, the Fermi 
temperature becomes much larger than the ambient temperature and consequently 
quantum effects begin to play a defining role in the collective interactions of the 
plasma. Degenerate or quantum plasma gained importance due to its applications in 
plasma effects in semiconductor and metals (Markowich et al. 2012), quantum wells, 
quantum dots and quantum nanotubes (Ang et al. 2003). A large volume of literature 
has been published covering both theoretical and experimental aspects of quantum 
degenerate plasmas [see for instance, the reviews by Shukla and Eliasson (2010a, 
b)] and the most fundamental of these has been the paper by Manfredi (2005) which 
gave an excellent introduction on ‘how to study quantum plasmas’. In the past dec-
ade or so, degenerate plasmas have been extensively studied due to their wide rang-
ing applications in very diverse areas ranging from solid-state plasmas [nanophys-
ics, nanoplasmonics semiconductor lasers (Luque et al. 2004; Yalabik et al. 1989; 
Luscombe et al. 1992; Manfredi and Hervieux 2007; Yahia et al. 2013; Haug and 
Koch 2009)] on the small scale and dense astrophysical plasmas like active galactic 
nuclei, neutron stars, etc., on the very large scale (Horn 1991; Chabrier et al. 2002).

The expansion of a quantum gas into vacuum, quantum plasma echoes, Lan-
dau damping in quantum systems and streaming instabilities have all been subjects 
of interest in quantum plasmas (Suh et  al. 1991; Mola et  al. 1993; Manfredi and 
Feix 1996; Haas et  al. 2000; Ali and Shukla 2007; Shukla et  al. 2008). Quantum 
hydrodynamical plasmas have been the subject of investigation in both the linear 
and nonlinear regimes taking into account solitary waves and effects due to spin 
of the electrons (Haas 2011; Shukla and Stenflo 2006; Ali et al. 2007; Haque and 
Saleem 2008; Mahmood and Mushtaq 2008; Mushtaq and Qamar 2009; Sah and 
Manta 2009; Shukla and Eliasson 2011; Haas and Mahmood 2016). Nonlinearities 
in relativistic classical plasmas have been studied since the 1970s, e.g. Demchenko 
and El-Naggar (1972) who considered nonlinear forced longitudinal oscillations in 
a relativistic plasma. In Ref. Tsintsadze and Tsikarishvili (1976), transport phenom-
ena in ultra-relativistic plasmas were investigated and in Ref. Chian (1982), the role 
of ion dynamics on relativistic oscillations was investigated. Solitons in relativis-
tic plasmas were first investigated in Ref. Tsintsadze and Tskhakaya (1977) where 
the authors derived the Korteweg de Vries (KdV) equation. For relativistic stream-
ing ions, Nejoh derived the KdV equation Nejoh (1992). The development of the 
Sagdeev potential approach made it possible to consider arbitrary amplitude waves 
(Strasser 1996; Sahu and Roychoudhury 2004, 2006). The fully relativistic two-fluid 
model was employed in a streaming plasma and propagation of arbitrary amplitude 
solitary structures was studied using the Sagdeev potential approach (Lee and Choi 
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2007). These studies have been gainfully employed to investigate formation of soli-
tary structures in laser plasma interactions (Kuehl and Zhang 1991) and space plas-
mas (Mahmood and Masood 2008). More recently, quantum hydrodynamic (QHD) 
model has been successfully used to comprehend different topics related to linear 
and nonlinear propagation of waves in dense degenerate plasmas (Ren et al. 2009; 
Masood et  al. 2009; Masood 2009a, b). These plasmas have engendered interest 
because of their interesting applications in stellar environments, laser plasma inter-
actions and in microelectronic devices.

The relativistic effects come into play when the number densities go in excess of 
1032 m−3 as the Fermi speed becomes comparable with the speed of light. Such high 
densities are found in superdense astrophysical objects like white dwarf stars (Bal-
berg and Shapiro 2000a, b). Helium, carbon and oxygen are most frequently found 
in the interior of white dwarf stars (Chatterjee et al. 2009). The examples of relativ-
istically degenerate plasmas include active galactic nuclei, pulsar and neutron star 
magnetospheres, quasars and accretion discs (Michel 1982; Orosz et al. 1997; Gol-
dreich and Julian 1969; Daniel and Tajima 1998). Recently in Ref. Tsintsadze et al. 
(2009), nonlinear static screening in ultra-relativistic electron positron plasmas was 
studied and comparison was made with the Debye and Coulomb screening results. 
The likelihood of the formation of bound structures and the part that electrostatic 
fluctuations play was also discussed.

Nonlinear aspects have covered shock waves (Masood et al. 2009, 2010, 2014), 
nonlinear dynamics and chaotic evolution (Shukla et al. 2011; Zobaer et al. 2013; 
Saha et al. 2020). On the other hand, the kinetic approach has also been studied 
using the Wigner Moyal (Tyshetskiy et al. 2013) formulation leading to a modi-
fied Vlasov equation approach. In classical plasmas, a special type of a nonlinear-
ity was studied by Bernstein et  al. (1957), Luque and Schamel (2005) where it 
was shown that trapped particles can significantly influence the nonlinear proper-
ties of plasma waves; however, in this instance the wave itself captured or trapped 
the particles. Ten years later, Gurevich (1968) treated trapping as a microscopic 
phenomenon when he considered the distribution of electrons in a slowly varying 
potential. This has been discussed in some considerable detail in Ref. Pitaevskii 
and Lifshitz (2012) by considering L to be the extent of the field and � the charac-
teristic time of the variation of the field and ve the velocity of the electrons as it 
passes through the potential field. Thus if 𝜏 ≫ L∕ve , then the potential could be 
considered slowly varying for which there is an adiabatic invariant expressed 
through the integral I(t, �) ∼ ∫ b

a
[2m(� − U(t, x)]dx , which leads to the possibility 

of part of the electrons being adiabatically captured as a microscopic process. 
Adiabatic trapping separates the electron distribution into two parts—the free 
electron part and the trapped electron part. Here, two cases may occur—when the 
potential well is deep and when the potential well is shallow. In the case of the 
deep potential well,  ne = 2n0

(
U

�T

)1∕2

  and in the case of the shallow potential 

ne = n0

�
1 +

U

T
−

4

3
√
�

�
U

T

� 3

2

�
 , where U is the potential energy and ne and n0 are the 

total and unperturbed number densities respectively. It has been shown that the 
effect of the adiabatically trapped electrons in a shallow potential lead to a 3/2 
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power nonlinearity. In the same paper, Gurevich (1968) studied ion acoustic 
waves with the effect of adiabatically captured electrons in a shallow potential 
well and obtained a modified KdV equation with a 3/2 order nonlinearity instead 
of the usual quadratic nonlinearity and this had a solution proportional to sech4�x 
instead of the usual sech2�x  solution in a co-moving frame of reference. The case 
of the deep potential well has been of less interest as the result predicted shows 
that almost the entire plasma is trapped in the potential well. Experiments and 
computer simulations (Sagdeev and Leontovich 1966) carried out later confirmed 
the theoretical results predicted by Gurevich (1968). Thus, Gurevich’s paper is 
considered a watershed in the development of fractional power nonlinearities.

Over the years, several authors have investigated the effect of adiabatic trap-
ping in classical plasmas using both Maxwellian (Abbasi et al. 1999; Ayub et al. 
2011; Shah et  al. 2014) and non-Maxwellian distributions (Mushtaq and Shah 
2006) leading to modified soliton solutions. In most cases, these nonlinear struc-
tures have been investigated using the Sagdeev potential approach (Leontovich 
2012). The trapping effect has also been investigated for vortices and in this 
case a modified Hasegawa–Mima equation (Siddiqui et  al. 2008) was obtained. 
Most of the work mentioned above considered the adiabatic capture effect for ion 
acoustic waves; however, coupled kinetic Alfven-ion acoustic waves were inves-
tigated in Shah et al. (2013). This interest has been motivated by the importance 
which nonlinear problems in physics and other disciplines have evoked ever since 
the discovery of the solitary wave or solitons.

In quantum or degenerate plasmas, nonlinear problems remain on the forefront 
of investigations and a large volume of literature has emerged covering different 
types of solitary and shock structures [see references above]. However, the role 
which trapping may play in the formation and propagation of solitary structures 
has received considerably less attention. We point out here that one of the earliest 
papers which took trapping into account was work done by Luque and Schamel 
(2005) who investigated the effect of quantum corrections in electron hole plas-
mas by using a perturbative technique to the Wigner Poisson set of equations. 
Later, Demeio (2007) considered trapping for the Bernstien Greene Kruskal 
(BGK) equilibria and investigated the effect of trapping in quantum phase space. 
However, work on adiabatic trapping by Gurevich (1968) in degenerate plasmas 
was first initiated by Shah et al. (2010) about a decade ago and since then a num-
ber of different aspects of adiabatic electron capture have been investigated on 
the propagation of nonlinear waves and these will be the subject of review in 
the ensuing sections. It was seen that a novel nonlinearity which is of the form 
(1 + �)3∕2 appears. Subsequently, several different aspects of adiabatic trap-
ping have been investigated which include both relativistic and non-relativistic 
regimes, the effects of Landau quantization, the role of positrons, etc. In the cur-
rent review, we hope to cover most of these studies—most of which have been 
carried out by our group.

The layout of our work is as follows: In Sect. 2, we give the mathematical prelim-
inaries of the electron distribution function for free and adiabatically trapped parts. 
In Sect. 3, we present the results of linear dispersion relation and nonlinear evolu-
tion equation for quantum ion acoustic waves with adiabatically trapped electrons 
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and the analytical and graphical results of the corresponding Sagdeev potential. In 
Sect. 4, we present the relativistic case for quantum ion acoustic waves.

2  Mathematical preliminaries of electron trapping in quantum 
plasmas

In this section, we briefly explain the procedure to obtain the expression for the 
adiabatically trapped number density of partially degenerate electrons following 
Ref. Kuehl and Zhang (1991). The electron energy in a potential field, � , is given 
by � =

p2

2m
+ u , where p is the momentum while m is the mass of the electrons and  

u = −e� is the trapping potential. Energy 𝜀 > 0 is for the free, whereas 𝜀 < 0 is 
the energy of the trapped electrons. Trapping happens when the condition � = 0 
is fulfilled.

Since the electrons behave quantum mechanically, they are assumed to follow 
the Fermi Dirac distribution function. To find the total electron number density in a 
potential field, we make use of the spherical polar coordinates and upon integrating 
and shifting to energy variables arrive at the following expression:

Here � is the chemical potential, T is the system temperature and e is the elec-
tron charge. Setting U = � + e� , then for trapped particles we have the following 
condition � − U = 0 . Equation (1) can be solved using the reference Landau and 
Lifshitz (1980), but some main steps are given below. Making a change of vari-
ables �−U

T
= z and after some algebraic manipulation, we obtain

The first and second integrals represent the effects of trapped and untrapped 
electrons, respectively. These integrals are dealt with separately. The first integral 
can be solved in the straightforward way, and it will give the following result:

The second integral is solved by using the standard procedure of solving the 
Fermi Dirac integrals (Landau and Lifshitz 1980; Pointon 1980). In the small 
temperature limit and incorporating Eq. (3), we obtain

(1)ne(r, t) =
8�

√
2m

3

2

(2�ℏ)3

∞

∫
0

�
1

2 dE

e
�−�−e�

T + 1
.

(2)ne(r, t) =
8�

√
2m3∕2

(2�ℏ)3
T

⎡⎢⎢⎣

U∕T

∫
0

(U − Tz)1∕2 +

�

∫
0

(U + Tz)1∕2 − (U − Tz)1∕2

ez + 1
dz

⎤⎥⎥⎦
.

(3)

U∕T

∫
0

(U − Tz)1∕2 =
2

3T
U3∕2.
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We note that the temperature is taken to be small compared to the Fermi tem-
perature (or Fermi energy). We further note that for a fully degenerate plasma, 
i.e., for T = 0 , � = �F =

ℏ2

2me

(
3�2n

)2∕3 . Note that � is not exactly equal to �F when 
T ≠ 0 . Hence U = �F + e� and so the above equation can be written as

which can finally be expressed in the following form:

Here n0 is the total background number density. The temperature T and the poten-
tial Φ are normalized as

For fully degenerate plasmas and in the absence of perturbation, the number den-
sity reads as n0e = n0 = n0i . The temperature T  denotes partial degeneracy and is 
always taken to be small for quantum plasmas.

The expression representing the number density of electrons experiencing adi-
abatic trapping forms the backbone of further considerations for trapping problems 
in quantum degenerate plasmas. In absence of the potential Φ , Eq.  (6) reduces to 
the standard expression of density for partially degenerate electrons (Pointon 1980). 
We now also note that the nonlinearity occurring in a quantum plasma is of a novel 
form, i.e., (1 + Φ)3∕2 whereas in a classical plasma the nonlinearity due to adiabatic 
trapping is of the form Φ3∕2 and this difference significantly modifies the properties 
of the nonlinear structures. Although in the subsequent sections, we will consider 
relativistic problems and the effects of a quantizing magnetic field, the brief descrip-
tion of the integration given above for adiabatically trapped electrons in a degenerate 
plasma remains in general the same.

3  Ion acoustic waves in relativistic and non‑relativistic degenerate 
plasma with adiabatically trapped electrons

In this section, we will give an overview of the early work [Refs. Shah et al. (2010), 
Shah et al. (2011)] on adiabatic capture in dense degenerate plasmas. In our papers 
Shah et al. (2010), Shah et al. (2011)), we have considered the effects of adiabatic 
trapping of electrons on ion acoustic waves in both non-relativistic and relativistic 
plasmas. In the section below, we give a general outline of the work on relativistic 

(4)ne(r, t) =
8�

√
2m

3

2

(2�ℏ)3

�
2

3
U

3

2 +
�2T2

12
U

−
1

2

�
.

(5)ne(r, t) =
8�

√
2m

3

2

(2�ℏ)3

�
2

3

�
�F + e�

� 3

2 +
�2T2

12

�
�F + e�

�− 1

2

�
,

(6)ne(r, t) = n0

[
(1 + Φ)

3

2 + T2(1 + Φ)−
1

2

]
.

Φ =
e𝜑

𝜀
F

and T =
𝜋T

2
√
2𝜀

F

where
T

𝜀
F

≪ 1.
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degenerate plasmas and present the results of our first paper (Shah et al. 2010) as 
limiting case of Shah et al. (2011). In Sect. 3.1, we present the governing equations 
to study the linear ion acoustic waves (IAWs) for relativistically degenerate trapped 
electrons and cold classical ions. We shall also present the limiting cases (i.e., non-
relativistic and ultra-relativistic) and briefly discuss them. In Sect. 3.2, we present 
the nonlinear analysis employing the Sagdeev potential approach. In order to differ-
entiate between the relativistic, non-relativistic and ultra-relativistic cases, we have 
used the subscripts R, N and U in the entire text. In the subsequent subsections, we 
shall give numerical analysis of our results.

3.1  Mathematical preliminaries and linear dispersion relations

We follow the method outlined in Sect. 2 to arrive at the number density of adiabati-
cally trapped relativistic electrons. The relativistic electron energy in the presence of 
a potential field, � , is given by � = c

√
p2 + m2

0
c2 + u , where momentum is denoted 

by p , m0 denotes the rest mass of the electrons and u = −e� is the trapping potential. 
The rest of the details are the same as given in Sect. 2. Thus, the expression for the 
total number density of electrons for the relativistically degenerate case reads as

In this case, � = �F0 + m0c
2 is the chemical potential in the relativistic case which 

is a permissible approximation in the low-temperature case, and �F0 =
(
3�2n0

)2∕3 ℏ2

2m
 , 

ΦR = e�∕� denotes the normalized relativistic potential, T = T∕� is the normalized 
temperature, and the normalized total energy is �0 = m0c

2∕� . The absence of trap-
ping potential, ΦR gives neR = n0R , where

for relativistically degenerate electrons.
On account of their three orders of magnitude higher mass than electrons, the 

ions are assumed to behave in a classical manner and are further considered to be 
cold. The equations of motion and continuity for the ions read as

and the Poisson’s equation reads as

(7)neR =
�3

3�(ℏc)3

⎡⎢⎢⎢⎣

��
1 + ΦR

�2
− �2

0

�3∕2

+
�2T2

R

6

�
2
�
1 + ΦR

�2
− �2

0

�

��
1 + ΦR

�2
− �2

0

�1∕2

⎤⎥⎥⎥⎦

(8)n0R =
�3
F0

3�(ℏc)3

[(
1 − �2

0

)3∕2
+

�2T2
R

(
2 − �2

0

)

6
(
1 − �2

0

)1∕2
]

(9)mini

(
𝜕

𝜕t
+ v⃗i

���⃗.∇
)
v⃗i = −e∇⃗𝜙

(10)
𝜕

𝜕t
ni + ∇⃗ ⋅ niv⃗i = 0
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In order to study the nonlinear behaviorr of IAWs, we transform ourselves to 
a frame that travels at the speed of the nonlinear structure u , i.e., � = x − ut , and 
integrate the equations above using the boundary conditions (BCs), namely when 
� → ∞ , vi and � → 0 , and ni → n0 , where the equilibrium number density of elec-
trons and ions for a degenerate plasma is denoted by n0 , to obtain

Here MR =
√
miu

2∕2� we now substitute the above in Poisson’s equation 
(Eq. (11)) and obtain

Linearization of Eqs. (7), (11) and (13) and using the definition of MR given 
above and defining u = �/k yields the following dispersion relation of IAWs in a 
relativistically degenerate plasma:

where �TF,R =
√

�

4�e2n0RAR

 is the screening length and csR =
√

�

miAR

 is the acoustic 
speed in a relativistically degenerate plasma and

which contains terms that reflect the relativistic and temperature correction 
effects. Making use of Eq.  (14), the general definition of the Mach number is 
expressed as

3.2  Limiting cases

Next, we discuss the non-relativistic case ( m0c
2 >> 𝜀F0 ) and the ultra-relativistic 

( m0c
2 << 𝜀F0 ) limits. Equation (5), in the non-relativistic limit reads as

(11)∇2� = 4�e
(
ne − ni

)
.

(12)ni = n0R
(
1 − ΦR∕M

2
R

)−1∕2

(13)

d2ΦR

d�2
=

4�e2n0R
�

⎡
⎢⎢⎢⎢⎢⎣

��
1 + ΦR

�2
− �2

0

�3∕2

+
�2T2

6

�
2(1+ΦR)

2
−�2

0

�
�
(1+ΦR)

2
−�2

0

�1∕2

n0R
−

�
1 −

ΦR

M2
R

�−1∕2

⎤
⎥⎥⎥⎥⎥⎦

.

(14)� = kcsR

√
1

1 + k2�2
TF,R

,

(15)AR =

3
{
(1 − �2

0
)1∕2 +

�2T2(2−3�2
0
)

18(1−�2
0
)1∕2

}

(1 − �2
0
)3∕2 +

�2T2(2−�2
0
)

6(1−�2
0
)1∕2

,

(16)ℳR = MR

√
AR.
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which is the same expression which was reported in our paper (Shah et  al. 2010) 
with the exception of the difference in the normalization of T  . Thus, in the non-
relativistic limit, � = �F0 , TN = �T∕�F0 and ΦN = e�∕�F0 . The expression for the 
limiting non-relativistic number density when no perturbation is present reads as

Using Eqs. (9) and (15) in Eq. (10) and using Eq. (16)

Assuming sinusoidal perturbation and following the method adopted for the relativis-
tic case, and defining Mach number in the non-relativistic case as MN =

√
miu

2∕2�F0 , 
the linear dispersion relation of IAWs with the inclusion of small temperature correc-
tions gives

where �TF,N =
√

�F0

4�e2n0NAN

 is the screening length and csN =
√

2�F0

miAN

 is the sound 
velocity for the non-relativistic case.

Note that the factor AN contains the temperature corrections. The non-relativistic 
Mach number reads as

In the ultra-relativistic case m0c
2 << 𝜀F0 the number density given by Eq.  (5) 

becomes

The letter U denotes the ultra-relativistic case. It is appurtenant to mention here that 
we use ultra-relativistic number density to compute Fermi energy in this case. Moreo-
ver, �F0 gets replaced by momentum pF here and reads as �F0 = cpF . An important 

(17)neN =

(
2m0�F0

)3∕2
3�2ℏ3

[(
1 + ΦN

)3∕2
+

�2T2
N

24

(
1 + ΦN

)−1∕2
]
,

(18)n0N =

(
2m0�F0

)3∕2
3�2ℏ3

[
1 +

�2T2
N

24

]

(19)

d2ΦN

d�2
=

4�e2n0N

�F0

⎡
⎢⎢⎣

�
(1 + ΦN)

�3∕2
+

�2T2
N

24

�
1 + ΦN

�−1∕2

n0N
−

�
1 −

ΦN

M2
N

�−1∕2⎤
⎥⎥⎦
.

(20)� = kcsN

√
1

1 + k2�2
TF,N

,

(21)AN =
3(1 + �2T2∕24)

(1 − �2T2∕72)
.

(22)ℳN = MN

√
AN .

(23)neU =
�3
F0

3�2ℏ3c3

(
1 + ΦU

)[(
1 + ΦU

)2
+ �2T2

U

]
.
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observation is that unlike the fractional nature of nonlinearity in the relativistic and 
non-relativistic cases, the nature of nonlinearity is represented by whole number indi-
ces for the ultra-relativistic case. When the perturbation is not present, we have the fol-
lowing expression for number density of electrons:

Substituting Eqs. (10) and (22) in (9), with appropriate normalization yields the 
following expression for the ultra-relativistic Poisson’s equation:

Linearization of Eqs. (14) and (15) and the subsequent use of a plane wave solu-
tion yields the dispersion relation for the relativistic case

Here csU =
√
�F0∕miAU  is the ultra-relativistic sound velocity and the ultra-rela-

tivistic Thomas Fermi length is given by �TF,U =
√

�F0

4�e2n0UAU

 and the temperature-
dependent ultra-relativistic factor is given by

And the relativistic Mach number is

3.3  Sagdeev potential

In this section, we derive an expression for the Sagdeev potential in the relativistic 
case and obtain conditions for the existence of solitary waves by considering small 
temperature corrections when T ≠ 0.

Using the analogy of a particle in a potential well and after integration and fol-
lowing Refs. Witt and Lotko (1983), Mamun (1997), we obtain from Eq. (13)

where the relativistic Sagdeev potential is given by
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We have found the integration constants using the BCs � = �∕�TF,R → ∞ , 
ΦR → 0 . Moreover, as shown in Ref. Mamun (1997), Eq.  (20) clearly shows that 
VR(Φ) =

dVR(Φ)

dΦ
= 0 whenΦ = 0 , and following the argument given in Ref. (Witt 

and Lotko 1983), we see that solitary waves solutions are obtained from Eq.  (29) 
when the following two conditions are met: (i) if (d2VR∕dΦ

2
R
)ΦR=0

< 0 , i.e., the 
fixed point is unstable at the origin and (ii) VR(ΦR) < 0 V(Φ) < 0 V(Φ) < 0 when 
0 < ΦR < ΦRmax 0 < Φ < Φmax . For nonlinear dip structures and for hump struc-
tures VR(ΦR) < 0 when 0 > ΦR > ΦRmin . The cases for the existence of the soli-
tary waves are discussed below. Using the Taylor expansion to expand the Sagdeev 
potential (see Eq. (30), we find the lower limit on the Mach number (Mamun 1997) 
by putting the coefficient of the quadratic term in ΦR = 0 to obtain

We find the upper bound of ℳR by using Eq. (12). The usual method is to find the 
range of ℳR numerically for different values of �0 and T .

Like the previous section, the limiting cases of the relativistic case for the 
Sagdeev potential are considered. In the non-relativistic limit m0c

2 >> 𝜀F0 , Sagdeev 
potential reads as

The above expression retrieves the results of our paper (Shah et al. 2010), with a 
modification in the normalization pointed out above.

In the ultra-relativistic limit, m0c
2 << 𝜀F0 ≈ 𝜀F0 , the Sagdeev potential reduces 

to
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We note that in both the limiting cases, the expressions for the Sagdeev potentials 
are less complicated by comparison with the general relativistic case.

3.4  Results and discussion

In this section, we numerically investigate our results by applying the conditions 
present on white dwarfs. Although conditions on white dwarfs are such that there is 
a whole range of magnetic field and number density values, we choose n =  1026–1029 
 cm3 and n =  1030–1032  cm3 (Koester and Chanmugam 1990) for non-relativistic, and 
relativistic and ultra-relativistic cases, respectively. First, we consider the Sagdeev 
potential for the relativistic case given by Eq. (30) plotted in Fig. 1. Figure 1 (upper 
panel) shows the Sagdeev potentials for different values of electron tempera-
ture T. We can note that with the increases in temperature, the Sagdeev potential 
depth as well as maximum value of Φ increases. Soliton profiles corresponding to 
the Sagdeev potentials are plotted in Fig. 1 (lower panel), in which we can see that 
amplitude as well as width of soliton increases with the increase in temperature T.

Figure 2 (upper panel) shows the Sagdeev potentials for different values of rel-
ativistic energy, �0 . We can note that with the increases in relativistic energy, the 
Sagdeev potential depth as well as maximum value of Φ decreases. Soliton profiles 
corresponding to the Sagdeev potentials are plotted in Fig. 2 (lower panel), in which 
we can see that amplitude as well as width of soliton decreases with the increase in 
relativistic energy �0.

Similarly, Fig.  3 shows the variation in Mach number. Figure  3 (upper panel) 
shows the Sagdeev potentials for different values of Mach number. It can be seen 
that Sagdeev potential shows greater sensitivity with the Mach number as compared 
to Figs. 1 and 2. We can see that with the increases in Mach number, Sagdeev poten-
tial depth as well as maximum value of Φ increases. Soliton profiles corresponding 
to the Sagdeev potentials are plotted in Fig. 3 (lower panel), in which we can see 
that amplitude increases but width of soliton decreases with the increase in Mach 
number.

Figure 4 depicts that when the normalized electron temperature is larger than a 
certain value, i.e. TR ≥ 0.3 for this particular case, we obtain both compressive and 
rarefactive solitons, similar to one of our papers (Shah et al. 2010). We can see that 

(33)

V
U
(Φ

U
) = −

1

3

�
1 +

�2T
2

U

3

�

⎧
⎪⎨⎪⎩

�
1 + �2

T
2

U

�
Φ

U
+

3

2

�
1 + �2

T
2

U
∕3

�
Φ2

U
+ Φ3

U
+

Φ4

U

4
+ 2M

2

U

�
1 + �2

T
2

U

��
1 −

Φ
U

M
2

U

�1∕2

− 2M
2

U

�
1 + �2

T
2

U

�⎫⎪⎬⎪⎭

(34)ℳU,low =
1

AU

√√√√1

6

(
1 + �2T2

U

1 + �2T2
U
∕6

)
.



1 3

Reviews of Modern Plasma Physics (2022) 6:11 Page 13 of 47 11

with the increase in temperature, amplitude of compressive soliton increases but 
width decreases slightly,: however, for the rarefactive solitons amplitude decreases 
but width increases slightly as shown in Fig. 4 (lower panel).

Fig. 1  Sagdeev potential (upper panel) and corresponding solitary structures (lower panel) for different 
values of T  for fixed values of  �0 = 0.3 and MR = 0.8
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Fig. 2  Sagdeev potential (upper panel) and corresponding solitary structures (lower panel) for different 
values of �0 for fixed values of  T = 0.2 and MR = 0.8
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Fig. 3  Sagdeev potential (upper panel) and corresponding solitary structures (lower panel) for different 
values of MR for fixed values of  T = 0.2 and �0 = 0.3
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Fig. 4  Asymmetric Sagdeev potential (upper panel) and corresponding solitary structures (lower panel) 
for different values of T  for fixed values of MR = 0.9 and �0 = 0.8
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Fig. 5  Sagdeev potential for different values of MU when T = 0 and in the ultrarelativistic limit, i.e. 
�0 = 0

Fig. 6  Sagdeev potential for different values of T  for MU = 0.9 and in the ultrarelativistic limit, i.e. 
�0 = 0
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We now consider the ultra-relativistic case for which we have plotted the 
Sagdeev potential for different values of ultra-relativistic Mach number MU in 
Fig. 5. It is observed that when we increase the ultra-relativistic Mach number, 
the depth as well as the maximum value of potential decreases appreciably. Fig-
ure 6 depicts the Sagdeev potential when the finite electron temperature has been 
included for the ultra-relativistic. It can be observed that as temperature increases 
the width as well as maximum value of potential increases. Finally, we would like 
to mention that the soliton amplitude has been found to be largest for non-relativ-
istic, intermediate for ultra-relativistic, and least for the relativistic case.

4  Landau quantization

In this section, we review our work on nonlinear IAWs for adiabatic trapping (Shah 
et al. 2012; Iqbal et al. 2017) in a plasma where the electrons are Landau quantized. 
We adopt the same procedure here as outlined in Sect. 2 to obtain the expression of 
electron number density. The motion of electrons are Landau quantized in a strong 
magnetic field (Wahab and Solid,  2005) which occurs in the plane perpendicular to 
the magnetic field. The total energy at different levels �  in the non-relativistic limit 
in the presence of a potential field � given by Wahab (2005)

where �ce = eB0∕mec is the electron gyrofrequency, −e� is the potential energy of 
the well in which the electrons are trapped and pz is the parallel electron momentum. 
The external magnetic field  B0 = ẑB0 is in the ẑ direction. Electron capture takes 
place when ��

e
= 0 holds.

The total occupation number for the Fermi–Dirac distribution after in tegration 
over the polar coordinates gives (Landau and Lifshitz 1980)

where U = e� + � − �ℏ�ce , The quantizing magnetic field manifests itself through 
𝜂 = ℏ𝜔ce∕𝜀Fe . The unquantized case is represented by � = 0 . In most macroscopic 
systems, eigenvalue spectrum for energy is of a very high density of energy, thus 
� ≫ 1 , whereas the energy spectrum (in a finite range) exhibits an exponential 
enhancement in a finite range of energy spectrum with the increasing number of par-
ticles N in the system. It is found that the separation between the levels is propor-
tional to 10−N (Tsintsadze 2010). We have, therefore, considered a continuous energy 
spectrum—which is a reasonable assumption. Consequently, to arrive at an expres-
sion of the density, ne , we can separate the � = 0 case and replace the summation in 
Eq. (36) by integration ( 

∑�max

1
→ ∫ �max

1
d� ), where �max = (1 +

e�

�Fe
)∕� which we get 
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by requiring the integrand to be a real quantity. Adopting the procedure as outlined 
in Sect. 2, we obtain the expression for the total number density as follows:

For a fully degenerate plasma, the background number density is given by 
N0 = p3

Fe
∕3�2ℏ3 . The limit � = 0 , yields the results reported in Ref. Shah et  al. 

(2010). Note that the role of parameter � is akin to the finite temperature T correc-
tions in altering the occupation number density of electrons ne . As mentioned in the 
previous sections when T∕𝜀Fe ≪ 1, assuming � = �Fe is reasonable. The normaliza-
tion is done as follows: T = �T∕2

√
2�Fe and Φ = e�∕�Fe.

Next, we focus ourselves on the ions which are considered cold and classical due 
to their inertia. The ion momentum equation is given by

The above equation is supplemented by the continuity and Poisson’s equations 
(see Sect.  3). Assuming sinusoidal perturbation in the above set of equations, we 
obtain the following linear dispersion relation for IAWs in the presence of Landau 
quantization and small temperature corrections:

where CsF and �TF are the acoustic speed and screening length in Fermi plasmas as 
given in the preceding section. Following the procedure elucidated in Sect.  2, we 
find the following expression of the nonlinear ion number density:

M =
u

�∕k
 is the Mach number and

4.1  Sagdeev potential

To obtain an expression for the Sagdeev potential and investigate the presence of 
solitary waves, we substitute the values of ne and ni from Eqs. (37) and (40) in the 
Poisson’s equation and arrive at the following expression:
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where � is normalized as � = �∕�TF . Equation (41) can be expressed in the form of 
an energy integral as was shown in Eq. (29) and we can obtain the Sagdeev potential 
which now has the form

Here

Upon the fulfillment of the conditions given in Ref. Mamun (1997), compressive 
and rarefactive solitary waves are obtained.

We obtain the lower bound of the Mach number from Eq. (42) by Taylor expand-
ing the coefficients and setting the square order terms in Φ equal to zero as follows:

Similarly, we obtain the upper bound of Mach number is obtained from Eq. (42) 
using the requirement that the expression should remain real valued. Thus, the upper 
limit is given by

We, therefore, get the following range of M:

Now, we discuss the limiting cases. We note that when � = 0 , the Sagdeev poten-
tial reduces to
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where � =
2(1+T2)
3−T2

and � = 1 + T2 and the range of Mach number is given by

which is the same result we obtained in Ref. Shah et al. (2010).

1 ≤ M <

{
3 − T2

1 + T2

} 1

2

,

Fig. 7  Sagdeev potential (upper panel) and corresponding solitary structures (lower panel) for different 
values of � when T = 0 and M = 1.3
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4.2  Results and discussion

In the present section, we will numerically investigate the results obtained in 
Sect. 4.1 by plotting the Sagdeev potential and see how these are affected by var-
ying different parameters such as magnetic field ( � ), temperature ( T  ) and Mach 

Fig. 8  Sagdeev potential (upper panel) and corresponding solitary structures (lower panel) for different 
values of T  when � = 0 and M = 1.3



1 3

Reviews of Modern Plasma Physics (2022) 6:11 Page 23 of 47 11

number ( M ). For the numerical purposes we take the values of magnetic field 
and number density as 1010G and 1026cm−3 , respectively, which are typical values 
found for the white dwarfs (Shah et  al. 2011; Koester and Chanmugam 1990). 
The Fermi temperature is calculated as TFe = 9.14108 × 106K by calculating the 

Fig. 9  Sagdeev potential (upper panel) and corresponding solitary structures (lower panel) for different 
values of M when � = 0.2 and T = 0.2
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Fermi energy using the value of number density given above and also the electron 
temperature is considered as T ≪ TFe.

Figure  7 depicts the plots for fully degenerate plasma, i.e., T = 0 using 
Eq. (42). In Fig. 7 (upper panel) Sagdeev potentials are plotted for different mag-
netic field strengths, � . It can be noted that the depth as well as the maximum 
value of potential increases with the increase in � . In Fig.  7 (lower panel) the 

Fig. 10  Sagdeev potential (upper panel) and corresponding solitary structures (lower panel) for different 
values of � when T = 0.4 and M = 1.3
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corresponding solitons are plotted whose width and amplitude increases with the 
increase in � . It should be mentioned here that only compressive structures can be 
obtained for fully degenerate plasma, i.e., T = 0.

Figure 8 shows the plots in which we ignore the magnetic field effect, i.e. � = 0 
but we consider T ≠ 0 using Eq. (42). In Fig. 8 (upper panel) Sagdeev potentials are 
plotted for different electron temperatures. We can see that when we increase the 

Fig. 11  Sagdeev potential (upper panel) and corresponding solitary structures (lower panel) for different 
values of T  when � = 0.2 and M = 1.3
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temperature not only the width and maximum value of potential increases but for 
T ≥ 0.6 we obtain two values of potential Φmin and Φmax. Corresponding solitons are 
plotted in Fig. 8 (lower panel) in which we can see that amplitude of compressive 
solitons increases but rarefactive solitons decreases with the increase in temperature. 
The same effect has been reported in Ref. Mamun (1997) and such coupled (com-
pressive and rarefactive) solitary structures are observed in space plasmas (Ghosh 
and Lakhina 2004).

Figure  9 (upper panel) shows Sagdeev potentials for different values of Mach 
number M . It can be seen that the depth as well as the maximum value of potential 
increases with the increase in M . In Fig. 9 (lower panel) the corresponding solitons are 
plotted whose amplitude increases but width decreases with the increase in M . Fig-
ure 10 shows the plots for different values of magnetic field strength � . In Fig. 10 (upper 
panel) Sagdeev potentials are plotted for different values of � in which we can see that 
when we increase the value of 𝜂 > 0.4 , we obtain two values of potential Φmin and 
Φmax. It can also be seen that the width and maximum value of compressive Sagdeev 
potentials increase but rarefactive Sagdeev potentials decrease with the increase in � . 
Corresponding solitons are plotted in Fig. 10 (lower panel) in which we can see that 
amplitude of compressive solitons increases but rarefactive solitons decreases with the 
increase in � . Similarly, Fig. 11 shows the plots for different values of temperature T but 
� ≠ 0 . In Fig. 11 (upper panel) Sagdeev potentials are plotted for different values of T  
in which we can see that when we increase the value of T ≥ 0.6 , we obtain two values 
of potential Φmin and Φmax. It can also be seen that the width and maximum value of 
compressive Sagdeev potentials increase with the increase in T . Corresponding solitons 
are plotted in Fig. 11 (lower panel) in which we can see that amplitude of compressive 
solitons increases with the increase in T.

5  Drift and drift ion acoustic waves

In this section, we consider the effect of adiabatic trapping of electrons in an inhomo-
geneous dense quantum plasma and review the results of our work on drift waves (Shah 
et al. 2014) and our work on drift ion acoustic waves (Fayyaz et al. 2020a).

We consider a magnetoplasma comprising cold dynamical ions and trapped 
Fermi electrons in which the magnetic field B

�
 is directed along the z-direction and 

the spatial nonuniformity of background ion density is in the x-direction, i.e., no(x) . 
The propagation regime of the wave is assumed to be vFe ≫ 𝜔∕k ≫ vFi , where 
vFe,Fi = ℏ2∕me,i(3𝜋

2n0)
1∕3 are the Fermi velocities of electrons and ions. The ions are 

considered to be classical due to reasons mentioned in the previous sections. Using the 
ion momentum equation (Eq.  (38)) along with the ion continuity equation and Pois-
son’s equation and further by invoking the drift wave approximation (Weiland  1999) in 
the low wave frequency limit ( Ωci ≫ 𝜕t ), the components of ion velocity in the parallel 
and perpendicular directions read as

(45)L̂viz = −
e

mi

𝜕z𝜑
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where  L̂ = �t + v
E
.∇

⟂
+ viz�z and Ωci = eBo∕cmi is the ion Larmor frequency and 

v
i⟂

 contains the E × B and the polarization drifts, respectively. We have used Eq. (5) 
or Ref. Shah et al. (2010) that gives an expression for the electron number density in 
the presence of adiabatic trapping in quantum plasmas, bearing in mind that no is a 
function of space. From Eq. (5) and Poisson’s equation, the total number density of 
the ions in the case of a fully degenerate plasma reads as

Further, by using the ion continuity equation and imposing the order 
𝜕y > 𝜕z > 𝜕x , we obtain the following expression that represents the coupling of 
drift and acoustic modes in the presence of quantum trapping of electrons:

Here �i = cs∕Ωci is the ion Larmor radius, v∗ =
(
−2c�F∕3eBo

)
� is the drift 

velocity and � = ||dx ln n0|| represents the reciprocal of the scale length of inhomo-
geneity. Equation (48) is the new equation representing the coupling of drift and 
acoustic modes in a fully degenerate plasma with the inclusion of quantum trap-
ping of electrons. We note here that if �

z
= 0, then we retrieve the results of our 

earlier paper on drift waves (Shah et al. 2014).
Assuming plane wave solution, we obtain the following linear dispersion rela-

tion from Eq.  (48) for two-dimensional drift acoustic mode in the presence of 
quantum trapping of electrons

where � = 1 + 2∕3
{
(�2

Fe
+ �2

i
)k2

y
+ �2

Fe
k2
z

}
 , �∗ = v∗ky is the drift frequency, 

ky = k cos � , kz = k sin � are the wave numbers and � is the angle between the propa-
gation vector k and y-axis. The factor 8/3 is a result of the trapping term (1 + Φ)3∕2 . 
Ignoring the spatial inhomogeneity (or ky → 0 ) gives the pure ion sound wave, i.e., 

� =

√
2∕3

cskz

/√
1 + 2∕3�2

Fe
k2
z
 and drift wave (Shah et  al. 2014), i.e.,  

� = �∗

/
1 + 2∕3

{
(�2

Fe
+ �2

i
)k2

y

}
 for kz → 0 in fully degenerate plasmas.

(46)vi⊥ =
c

Bo

(ẑ × ∇𝜑) −
c

BoΩci

𝜕t∇⊥𝜑,

(47)ni = −
1

4�e
∇2� + no

(
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�F

)3∕2

.
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5.1  New model equation with fractional nonlinearity

Equation  (48) describes the nonlinear evolution of the drift ion acoustic wave 
with the inclusion of adiabatically trapped degenerate electrons. We employ the 
Sagdeev potential approach to analyze the equation. This equation is transformed 
by using a co-moving frame � = kyy + kzz − Ωt where qy and qz are the nonlinear 
wave numbers and Ω is the frequency of nonlinear structure. This transformation 
yields

where A =
{
(�2

Fe
+ �2

i
)k2

y
+ �2

Fe
k2
z

}
 and B =

(
c2
s
k2
z

/
Ω2 + 3�∗∕2Ω

)
 . Upon integration 

and making use of the boundary condition Φ → 0 as � → ∞ , we obtain

The constants of integration are evaluated by integrating Eq. (12) using the bound-
ary conditions mentioned above which leads to the following Sagdeev potential W(Φ):

Following the conditions given in Sect. 3 for the formation of a solitary structure, we 
obtain the permissible range of Mach numbers given here as under

(50)
d

d�

{
d

d�
(1 + Φ)3∕2 − A

d
3

d�3
(1 + Φ)

}
− B

d
2

d�2
(1 + Φ) = 0,

(51)
d2(1 + Φ)

d�2
= −

dW(Φ)

dΦ
.

(52)W(Φ) = −
2

5A
(1 + Φ)5∕2 +

B

2A
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(1 − B)

A
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3

5A
+

B

2A
.

Fig. 12  Linear dispersion relation of ion acoustic wave in inhomogeneous fully degenerate plasma for 
different values of � when no = 1027 cm−3 and Bo = 1011 G
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where Ml is the lower Mach number. The upper bound of Mh is obtained by using a 
physically valid solution, i.e., Φmin ≤ −1 which gives

(53)Ml =
1

2

⎡⎢⎢⎣
v∗ cos �

cs
+

�
v2
∗
cos2 �

c2
s

+
8

3
sin2 �

⎤⎥⎥⎦
,

Fig. 13  Linear dispersion relation with the variation in inhomogeneity for different values of v∗∕cs when 
no = 1027 cm−3 and Bo = 1011 G

0.200.21
0.220.23

1.0 0.8 0.6 0.4 0.2 0.0

0.0006

0.0004

0.0002

0.0000

0.0002

0.0004

W

Fig. 14  Sagdeev potentail for different Mach numbers M when � = �∕18 and v∗∕cs = 0.1
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Equations (53) and (54) clearly show the dependence of the propagation range 
Ml < M ≤ Mh on the drift velocity v∗ and the propagation angle �.

(54)Mh =
5

12

⎡⎢⎢⎣
3

2

v∗ cos �

cs
+

�
9

4

v2
∗
cos2 �

c2
s

+
24

5
sin2 �
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.
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Fig. 15  Rarefactive solitons for different Mach numbers M = 0.2(Blue), 0.21(Orange), 0.22(Green), 0.23(Red) 
when � = �∕18 and v∗∕cs = 0.1
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Fig. 16  Sagdeev potentail for different Mach numbers M when � = �∕9 and v∗∕cs = 0.1
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5.2  Results and discussion

In this section, we numerically analyze the positive root of Eq.  (49) by consider-
ing the numerical values of magnetic field and number density in the ranges 
Bo ∼ 109 − 1011G and no ∼ 1026 − 1029cm−3 , respectively, typically found in neu-
tron stars (Sah and Manta 2009). The density range is chosen to ensure that the 
electrons remain non-relativistic and degenerate. The other numerical values are 
considered by following the drift wave conditions ( ky > kz and v∗ ≪ cs) so that 
cs = 6 × 107cm∕s , Ωci = 9.5 × 1014s−1 , v∗ = 5.9 × 106cm∕s and � ∼

�

18
 to �

6
 (Shukla 

and Eliasson 2011). Linear dispersion relation of quantum coupled drift ion acous-
tic wave is plotted in Fig.  12 for different values of angle of propagation, � . We 
can see that the frequency enhances with the wavenumber for the fixed value of 
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Fig. 17  Sagdeev potentail for different Mach numbers M when � = �∕6 and v∗∕cs = 0.1
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angle of propagation and increases with the increase in angle of propagation for the 
fixed value of wavenumber. We also plot the linear dispersion relation of quantum-
coupled drift ion acoustic wave for different values of drift velocity v∗ in Fig. 13. 
We can see that the frequency enhances with the increase wavenumber for the fixed 
value of drift velocity v∗ and increases with the increase in drift velocity v∗ (or larger 
inhomogeneity � ) for the fixed value of wavenumber.

Rarefactive Sagdeev potential structures for different Mach numbers are shown in 
Fig. 14. The Sagdeev potential curves show that as the Mach numbers M increases 
the depth and the maximum negative value of potential also increase. Rarefactive 
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Fig. 19  The amplitude of rarefactive solitons Φmin ver-
sus Mach number M for v∗∕cs
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Fig. 20  The amplitude of rarefactive solitons Φmin versus Mach number M for � = �∕9 and different val-
ues of v∗∕cs , i.e. (1) v∗∕cs = 0.1 , (2) v∗∕cs = 0.2 , (3) v∗∕cs = 0.3 , (4) v∗∕cs = 0.4 , (5) v∗∕cs = 0.5
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solitons corresponding to the Sagdeev potentials in Fig. 14 are plotted in Fig. 15. We 
can see that amplitude of rarefactive solitons increases but width decreases as we 
increase the value of M . Likewise, rarefactive Sagdeev potentials for different Mach 
numbers M when � = �∕9 and � = �∕6 are plotted in Figs. 16 and 17, respectively. 
These plots exhibit the same trend shown in Fig. 14, i.e. the depth and the maximum 

Fig. 21  Sagdeev potential (upper panel) and corresponding solitons (lower panel) with increasing mag-
netic field when n = 2.5 × 1026 cm−3 and �

n
= −0.1 cm−1
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negative value of Sagdeev potential increase as the Mach numbers M increases. In 
Fig. 18, we plot the rarefactive Sagdeev potential structures for two slightly differ-
ent angles of propagation with identical Mach number. In Fig. 18, Sagdeev potential 

Fig. 22  Sagdeev potential (upper panel) for fully (T = 0) and partially degenerate ( T = 0.2) quan-
tum plasma and corresponding solitons (lower panel) when B0 = 1 × 109 G , n = 2.15 × 1026 cm−3 and 
�
n
= −0.1 cm−1
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curves show that as the angle of propagation increases the depth and the maximum 
negative value of potential mitigate appreciably.

These results obtained in Figs. 12, 13, 14, 15, 16, 17 and 18 are summed up in 
Figs. 19 and 20 where minimum value of potential Φmin is plotted against the Mach 

Fig. 23  Sagdeev potential (upper panel) with increasing temperature and corresponding solitons (lower 
panel) when B0 = 1 × 109 G , n = 2.15 × 1026 cm−3 and �

n
= −0.1 cm−1
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number for different values of angle of propagation � (Fig.  19) and drift velocity 
(Fig. 20). We can note that there is a certain range of Mach numbers correspond-
ing to an angle of propagation and a drift velocity for which we can obtain the 

Fig. 24  Sagdeev potential (upper panel) with different ratios v∗∕u and corresponding solitons (lower 
panel) when B0 = 1 × 109 G , n = 2 × 1026 cm−3 and �

n
= −0.1 cm−1
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rarefactive solitary structures. We can also note that the Φmin decreases as Mach 
number increases for a certain angle of propagation as well as for a value of drift 
velocity.

We now plot Eq. (52) in the limiting case when ky → 0 in Figs. 21, 22, 23 and 
24. In Fig. 21 (upper panel), Sagdeev potential plots show that the depth as well as 
the maximum value of potential increases as the magnetic field increases. This hap-
pens because the increasing magnetic field mitigates the nonlinearity coefficient and 
the coefficient of dispersion. Corresponding solitons are plotted in Fig.  21 (lower 
panel) in which soliton’s amplitude increases but width decreases as the magnetic 
field increases. In Fig. 22 (upper panel), Sagdeev potential plots show that the depth 
as well as the maximum value of potential increases as the temperature decreases 
(within the range of quantum regime, i.e., T < 1 ). Corresponding solitons are plot-
ted in Fig. 22 (lower panel) in which soliton’s amplitude increases but width slightly 
decreases as the temperature decreases.

Figure  23 shows the Sagdeev potentials for partially degenerate quantum plas-
mas and corresponding solitons when we take larger temperature, i.e., T > 0.2 as 
compared to the temperatures taken in Figs. 21 and 22. Interestingly, we obtain both 
compressive and rarefactive Sagdeev potentials as shown in Fig. 23 (upper panel). 
We can see that as we increase the temperature, both Φmin (for rarefactive Sagdeev 
potential) and Φmax (for compressive Sagdeev potential) and corresponding depths 
decrease. Corresponding compressive and rarefactive solitons are plotted in Fig. 23 
(lower panel) in which amplitude of both types of solitons decreases but the width 
increases with the increase in temperature. In Fig. 24 (upper panel), Sagdeev poten-
tials are plotted for different values of drift velocity, v

∗
 , in which we can see that 

the depth as well as the maximum value of potential increases as the drift velocity 
v
∗
 decreases. Corresponding solitons are plotted in Fig. 24 (lower panel) in which 

soliton’s amplitude increases but width decreases slightly as the drift velocity v
∗
 

decreases.

6  Drift ion acoustic shock waves in spatially inhomogeneous 
magnetoplasmas with quantum trapping of electrons

In this section, we undertake to review our work on coupled drift ion acoustic shock 
waves with the inclusion of quantum trapping of electrons in magnetized plasmas 
(Fayyaz et al. 2020b). We once again consider a spatially nonuniform magnetized 
quantum plasma with fully degenerate electrons. The ions are once again consid-
ered to be cold and classical. Ion neutral collisions are also considered. The con-
stant background magnetic field is considered in the z-direction, whereas the density 
inhomogeneity is taken in x direction. Thus, in this case the momentum equation is 
written as

(55)mini
(
�t + v

i
.∇
)
v
i
= eni

(
E +

1

c
v
i
× B

o

)
− mini�invi.
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Here �in is the ion neutral collisional frequency. As in the preceding section, using 
the drift approximation (Weiland 1999), we get for the velocity its parallel and per-
pendicular components for the low-frequency electrostatic wave, i.e., ( Ωci ≫ 𝜕t)

where the third term of Eq.  (57) is the collisional drift term. On the other hand, 
the adiabatically trapped degenerate electrons have number density given by Eq. (5). 
Following the same route as in the preceding section, we obtain the following non-
linear evolution equation:

Here the dispersion terms have been ignored. This is a new Burgers like nonlinear 
equation for a dissipative inhomogeneous plasma. As before, we introduce a new frame 
� = �y(y + �z − vt), where � = �z∕�y = � sin �∕� cos � , � is the angle of propagation 
and �y,�z are the nonlinear wavenumbers along y and z-axis, respectively, v = Ω∕�y is 
the velocity and Ω is the frequency of the nonlinear structure. Setting Ψ = 1 + Φ , we 
obtain the following dimensionless form of Eq. (59):

Normalizing v = v∕cs and using the boundary conditions � → ∞ , Ψ → ΨR ; 
� → −∞ , Ψ → ΨL and dn

�
Ψ → 0 where ΨR and ΨL are the right-hand and left-hand 

boundary conditions, respectively (Cameron 2011). We can integrate Eq.  (59) twice. 
The integration constant the condition

The value of normalized Φ ranges from ±1; therefore, we get ΨR = 2 and ΨL = 0 . 
Solving Eq. (60) for c2 and v , we get

Using Eqs. (61) and (62) in Eq. (60), we obtain
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Fig. 25  Shock profiles for different number densities when Bo = 1010 G , �in = 1 × 1015 s−1 , v∗∕cs = 0.4 
and � = 100
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Fig. 26  Shock profiles for different collisional frequencies when no = 1027cm−3 , Bo = 1010 G , 
v∗∕cs = 0.4 and � = 100
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Integrating Eq. (14) yields a solution given as follows:

We have numerically investigated Eq.  (64) and found that it admits shock 
solution.

6.1  Results and discussion

In the present section, we numerically investigated the positive root of Eq.  (64) 
which yields the shock structure by considering the numerical values of magnetic 
field and number density for dense astrophysical plasmas given in Sect.  5.2. In 
Fig. 25, we plot the shock structures for different values of number density. We can 
see that the electrostatic shock amplitude remains the same, but steepness decreases 
with the increase in number density. In Fig.  26, we plot the shock structures for 
different values of collision frequency �in . We can see that the electrostatic shock 
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Fig. 27  Shock profiles for different magnetic fields when no = 1027cm−3 , �in = 1 × 1015 s−1 , v∗∕cs = 0.4 
and � = 100



1 3

Reviews of Modern Plasma Physics (2022) 6:11 Page 41 of 47 11

amplitude remains the same, but steepness decreases with the increase in collision 
frequency �in . We also probe the impact of magnetic field on the electrostatic shock 
structures in Fig. 27. It can be noted that the electrostatic shock amplitude as well as 
the steepness increases with the increase in magnetic field.

We have applied our results to neutron stars where the quantum effects 
are expected to dominate. The plot of Eq.  (65) for the positive root of v has 
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Fig. 28  Shock profiles for different values of inhomogeneities when no = 1027 cm−3 , Bo = 1010 G , 
�in = 1 × 1015s−1 and � = 100
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Fig. 29  Shock profiles for angle of propagations when no = 1027cm−3 , �in = 1 × 1015s−1 , v∗∕cs = 0.4 and 
Bo = 1010 G
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yielded compressive shock structures which we have investigated numerically 
by using the standard parameters of dense astrophysical plasmas (neutron stars) 
whose dynamics are governed by quantum effects i.e., no ∼ 1026− 1029cm−3 and 
Bo ∼ 109 − 1011G . We probe the impact of the varying number density no , col-
lisional frequency �in and magnetic field strength Bo on the shock structure. From 
Figs. 25 and 26, we see that the fall of the electrostatic potential becomes sharp 
as the number density and collisional frequency decrease respectively which are 
evident from Eq. (15). On the contrary, from Fig. 27 we see that the steepness of 
the shock wave enhances with the increase in magnetic field strength.

The variation in drift velocity v∗ (spatial inhomogeneity) is also observed 
to modify the shock profile as shown in Fig.  28. The steepness of the shock is 
observed to enhance with the increase in drift velocity but there is no observed 
change in the shock amplitude. However, if the angle of propagation is varied, the 
shock front becomes sharper, but the height of the shock remains the same as the 
angle of propagation increases (Fig. 29).

Before we go on and conclude the review, we would like to comment on the 
question as to how quantum effects be observed in these extreme environments. 
We get to know about the interior of white dwarf stars from the electromagnetic 
radiation that comes from them. It provides us information about their physical 
properties and dynamics (Dwarfs and Stars 1983). So far, more than two hundred 
pulsating white dwarf stars have been observed. The theoretical construct of these 
pulsations is widely accepted and the discipline of white-dwarf asteroseismology 
helps us determine the rotation period, mass, and equation of state of these stars 
(Winget and Kepler 2008; Fontaine and Brassard 2008). Besides gravity waves, 
the theory surmises the existence of acoustic modes (p-modes). Ostriker (1971) 
conjectured them long time ago but they yet to be observed (Silvotti et al. 2011). 
It does not imply non-existence of p-mode oscillations and lack of observation 
may be associated with the motion below the detection limit (Eliasson and Shukla 
2011). The possible formation of nonlinear structures in the case of extreme 
events such as supernova explosions or the collision of white dwarfs with other 
astrophysical bodies has also been proposed (Eliasson and Shukla 2011).

Employing the intense laser pulses, investigations have been made about the 
radiative blast waves in atomic cluster media (Norreys et  al. 2009). It has been 
shown that atomic clusters are very efficient absorbers of intense laser radiation 
and can be gainfully used to create high energy density plasmas that drive strong 
shocks (> Mach 50) and radiative blast waves. This has engendered the possibility 
of scaling the experiments to astrophysical phenomena that have 15–20 greater 
orders of magnitude length and time scales. The radiative blast waves thus hold a 
lot of promise to understand supernova remnants and the physics governing their 
dynamics under controlled conditions in the laboratory (Norreys et  al. 2009). 
Note that the in-situ observations of waves in dense plasmas in extreme environ-
ments are very difficult. However, the rapid development of laser technology as 
mentioned above would hopefully make it possible for us to compare the theory 
with experiments.
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7  Conclusions

In this review, we have presented a comprehensive view of the effects of trapping 
on the formation of solitary and shock waves in both homogeneous and inhomo-
geneous quantum plasmas.

First, we have presented the simplest case of quantum trapping and explained 
how it differs from its classical counterpart and enunciated in detail how trapping 
was done by Gurevich (1968) for the adiabatic electron capture in classical plas-
mas by dividing the integrals into free and trapped particles.

Next, we have considered the case of trapping in relativistically degenerate 
quantum plasmas. The expression of Sagdeev potential has been studied numeri-
cally and graphs have been plotted to illustrate the dependence of propagation 
characteristics of solitary waves on the physical parameters. The importance of 
the work in ultra-strong laser plasma interactions has been pointed out and it is 
expected to help in comprehending dense astrophysical objects like white dwarf 
stars. In the limiting case, the expression for the non-relativistic electron trapping 
has been retrieved.

Further, we have studied the linear and nonlinear structure formation in fully and 
partially degenerate plasmas with the inclusion of quantizing magnetic field. We first 
study the linear dispersion characteristics (LDCs) of the modified ion acoustic wave 
(IAW). Contrary to the classical case, the parallel propagating wave (i.e., wave prop-
agating along the ambient magnetic field) has been found to depend on the magnetic 
field. We have numerically explored the effect of Mach number, magnetic field, and 
electron temperature on the LDCs of the quantum IAW in the presence of quantizing 
field. The effect of the above-mentioned plasma parameters on the propagation of 
nonlinear solitary structures has also been investigated. It has been reported that the 
system under consideration allows only the formation of hump solitary structures for 
fully degenerate plasmas while for the case of partially degenerate plasmas, the for-
mation of both hump and dip solitary structures has been reported. The relevance of 
the investigation with special reference to ultra-strong laser plasma interactions and 
white dwarfs has also been highlighted.

Next, we have studied nonlinear coupled drift ion acoustic dispersive struc-
tures in fully degenerate, spatially nonuniform magnetoplasmas. Using QMHD 
model, we have come up with a new nonlinear equation representing the coupling 
of pure drift vortex mode with the parallel propagating acoustic mode in the pres-
ence of fractional nonlinearity that arises owing to electron trapping in degen-
erate plasmas. By dint of Sagdeev potential approach, we have investigated the 
coupled drift acoustic solitary structures. We have presented the numerical inves-
tigation by using the neutron star parameters and it has been found that rarefactive 
solitary structures could exist for the chosen parameters. These solitary structures 
have been shown to depend on the angle of propagation and inhomogeneity. The 
study can be usefully employed in variegated environments in astrophysical plas-
mas. It extends our understanding of dealing with nonlinearities which appears as 
(1 + Φ)3/2 as opposed to Φ3/2 term which we encounter in classical trapping. We 
have also retrieved the pure drift mode case in the limit when  kz goes to zero.
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Finally, one-dimensional Burgers like nonlinear evolution equation for the ion 
drift wave has been obtained for an inhomogeneous, collisional quantum magne-
toplasma in the presence of weak gradient in background density and Gurevich 
(Gurevich 1968) like trapping. An analytical solution to this equation has been 
obtained (which turns out to be a shock solution) and the dependence of the shock 
strength on the background number density, collisional frequency, ambient magnetic 
field, background density inhomogeneity, and angle of propagation has been investi-
gated. Like for the solitary case, fractional nonlinearity for the quantum trapping has 
been dealt with here and all the new features have been highlighted in detail.
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