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Abstract

A directed Toeplitz graph Tn⟨s1, . . . , sk; t1, . . . , tl⟩ with vertices 1, 2, . . . , n, where
the edge (i, j) occurs if and only if j − i = sp or i − j = tq for some 1 ≤ p ≤ k and
1 ≤ q ≤ l, is a digraph whose adjacency matrix is a Toeplitz matrix (a square matrix
that has constant values along all diagonals parallel to the main diagonal). In this
paper, we study hamiltonicity in directed Toeplitz graphs Tn⟨1, 3, 5; t⟩.
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1 Introduction

A directed Toeplitz graph Tn⟨s1, . . . , sk; t1, . . . , tl⟩ with vertices 1, 2, . . . , n, where the
edge (i, j) occurs if and only if j− i = sp or i−j = tq for some 1 ≤ p ≤ k and 1 ≤ q ≤ l, is a
digraph, of order n > max{sk, tl}, whose adjacency matrix is a Toeplitz matrix. We use [22]
for terminology and notations not defined here, and consider finite directed graphs without
multiple edges and loops. Since all graphs will be directed, we shall omit mentioning it.

Properties of Toeplitz graphs, such as colourability, planarity, bipartiteness, connec-
tivity, cycle discrepancy, edge irregularity strength, decomposition, labeling, and metric
dimension have been studied in [1]-[6], [8]-[12], [14]-[15], and [26]. Hamiltonian properties
of Toeplitz graphs were first investigated by R. van Dal et al. in [7] and then studied in
[13, 25, 27], while the hamiltonicity in directed Toeplitz graphs was first studied by S. Malik
and T. Zamfirescu in [24], by S. Malik in [16], by S. Malik and A.M. Qureshi in [23], and
then by S. Malik in [17]-[22].

In [17] and [22], the hamiltonicity of the Toeplitz graphs Tn⟨1, 3; 1, t⟩ was investigated.
In [20] and [21], the hamiltonicity of the Toeplitz graphs Tn⟨1, 3, 4; t⟩ was investigated. In
this paper we still keep s1 = 1 and s2 = 3 but then we consider s3 = 5, that is, we investigate
the hamiltonicity in Toeplitz graphs Tn⟨1, 3, 5; t⟩.

For a vertex a of Tn⟨1, 3, 5; t⟩, We define paths Aa→a−10, Ba→a+10, Ca→a−4 and Da→a+4

in Tn⟨1, 3, 5; t⟩ as Aa→a−10 = (a, a − 3, a − 6, a − 1, a − 4, a − 7, a − 10), Ba→a+10 =
(a, a + 3, a + 6, a + 9, a + 10), Ca→a−4 = (a, a − 5, a − 4) and Da→a+4 = (a, a + 3, a + 4),
respectively, see Figure 1.
Remark 1: If the Toeplitz graph Tn⟨1, 3, 5; t⟩ has a hamiltonian cycle containing the path
(n−2, n−1, n), then Tn+(t−1)⟨1, 3, 5; t⟩ enjoys the same property. Because such a hamilto-
nian cycle in Tn⟨1, 3, 5; t⟩ can be transformed into a hamiltonian cycle in Tn+(t−1)⟨1, 3, 5; t⟩,
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Figure 1: Paths Aa→a−10, Ba→a+10, Ca→a−4 and Da→a+4 in Tn⟨1, 3, 5; t⟩

by replacing the edge (n− 2, n− 1) with the path (n− 2, n+1, n+2, . . . , n+(t− 1), n− 1),
which preserves the same property. For example, see Figure 2, where a hamiltonian cycle in
T10⟨1, 3, 5; 5⟩ is transformed into a hamiltonian cycle in T14⟨1, 3, 5; 5⟩ by replacing the edge
(8, 9) with the path (8, 11, 12, 13, 14, 9), which preserves the same property so T14⟨1, 3, 5; 5⟩
can be transformed into a hamiltonian cycle in T18⟨1, 3, 5; 5⟩, and so on.
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3   5 
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            8 10 11   13 
            12 14 

Figure 2: Hamiltonian cycles in T10⟨1, 3, 5; 5⟩ and T14⟨1, 3, 5; 5⟩

2 Toeplitz Graphs Tn⟨1, 3, 5; t⟩ for odd t

For t = 1, clearly Tn⟨1, 3, 5; 1⟩ is hamiltonian if and only if n = 6, because the decreasing
edges (the edges of the type (a, b) where a > b) are of length one only and this is only
possible when n = 6 and it is easily seen that T6⟨1, 3, 5; 1⟩ has a unique hamiltonian cycle
(1, 6, 5, 4, 3, 2, 1).

Theorem 2.1. Tn⟨1, 3, 5; 3⟩ is hamiltonian if and only if n is even.

Proof. For n = 6, 8, 10, 12, hamiltonian cycles in Tn⟨1, 3, 5; 3⟩ are (1, 2, 5, 6, 3, 4, 1),
(1, 2, 7, 8, 5, 6, 3, 4, 1), (1, 2, 5, 10, 7, 8, 9, 6, 3, 4, 1) and (1, 2, 7, 12, 9, 10, 11, 8, 5, 6, 3, 4, 1), in or-
der, see Figure 3. Now for even n ≥ 14. If n ∼= 0mod 10, then a hamiltonian cycle in
Tn⟨1, 3, 5; t⟩ is (1, 2, 3) ∪B3→13 ∪B13→23 ∪ · · · ∪Bn−27→n−17 ∪ (n− 17, n− 14, n− 11, n−
8, n−5, n, n−3, n−2, n−1, n−4, n−7, n−6, n−9)∪An−9→n−19∪An−19→n−29∪· · ·∪A11→1,
see Figure 4. If n ∼= 2mod 10, then a hamiltonian cycle in Tn⟨1, 3, 5; t⟩ is (1, 2, 3)∪B3→13 ∪
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Figure 3: Hamiltonian cycles in T6⟨1, 3, 5; 3⟩, T8⟨1, 3, 5; 3⟩, T10⟨1, 3, 5; 3⟩, and T12⟨1, 3, 5; 3⟩
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Figure 4: A hamiltonian cycle in T20⟨1, 3, 5; 3⟩
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Figure 5: A hamiltonian cycle in T22⟨1, 3, 5; 3⟩
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Figure 6: A hamiltonian cycle in T14⟨1, 3, 5; 3⟩
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Figure 7: A hamiltonian cycle in T16⟨1, 3, 5; 3⟩

B13→23 ∪ · · · ∪Bn−29→n−19 ∪ (n− 19, n− 16, n− 13, n− 10, n− 5, n, n− 3, n− 2, n− 1, n−
4, n− 7, n− 6, n− 9, n− 8, n− 11) ∪An−11→n−21 ∪An−21→n−31 ∪ · · · ∪A11→1, see Figure
5. If n ∼= 4mod 10, then a hamiltonian cycle in Tn⟨1, 3, 5; t⟩ is (1, 2, 3) ∪B3→13 ∪B13→23 ∪
· · · ∪ Bn−11→n−1 ∪ (n − 1, n, n − 3) ∪ An−3→n−13 ∪ An−13→n−23 ∪ · · · ∪ A11→1, see Figure
6. If n ∼= 6mod 10, then a hamiltonian cycle in Tn⟨1, 3, 5; t⟩ is (1, 2, 3) ∪B3→13 ∪B13→23 ∪
· · · ∪ Bn−23→n−13 ∪ (n − 13, n − 10) ∪ Bn−10→n ∪ (n, n − 3, n − 2, n − 5) ∪ An−5→n−15 ∪
An−15→n−25 ∪ · · · ∪ A11→1, see Figure 7. If n ∼= 8mod 10, then a hamiltonian cycle in
Tn⟨1, 3, 5; t⟩ is (1, 2, 3) ∪ B3→13 ∪ B13→23 ∪ · · · ∪ Bn−25→n−15 ∪ (n − 15, n − 12, n − 9, n −
6, n − 1, n, n − 3, n − 2, n − 5, n − 4, n − 7) ∪ An−7→n−17 ∪ An−17→n−27 ∪ · · · ∪ A11→1, see
Figure 8. Thus Tn⟨1, 3, 5; 3⟩ is hamiltonian for all even n.

Conversely, Tn⟨1, 3, 5; 3⟩ is bipartite and, being hamiltonian, n must be even. 2
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Figure 8: A hamiltonian cycle in T18⟨1, 3, 5; 3⟩

Theorem 2.2. Tn⟨1, 3, 5; 5⟩ is hamiltonian if and only if n is even.

Proof. For n = 6 and n = 8, unique hamiltonian cycles in Tn⟨1, 3, 5; 5⟩ are (1, 2, 3, 4, 5, 6, 1)
and (1, 2, 7, 8, 3, 4, 5, 6, 1), respectively.

Now for even n ≥ 10. If n ∼= 0mod 4, then a hamiltonian cycle in Tn⟨1, 3, 5; 5⟩ is
(1, 2, 3, 4)∪D4→8 ∪D8→12 ∪ · · · ∪Dn−12→n−8 ∪ (n− 8, n− 7, n− 4, n− 3, n, n− 5, n− 2, n−
1, n − 6) ∪ Cn−6→n−10 ∪ Cn−10→n−14 ∪ · · · ∪ C10→6 ∪ (6, 1), see Figure 9. If n ∼= 2mod 4,

7 129 11 10 1413 1 63 5 2 4 8 1615 1817 2019 

Figure 9: A hamiltonian cycle in T20⟨1, 3, 5; 5⟩

7 129 11 10 1413 1 63 5 2 4 8 1615 1817 

Figure 10: A hamiltonian cycle in T18⟨1, 3, 5; 5⟩

then a hamiltonian cycle in Tn⟨1, 3, 5; 5⟩ is (1, 2, 3, 4) ∪D4→8 ∪D8→12 ∪ · · · ∪Dn−6→n−2 ∪
(n− 2, n− 1, n) ∪ Cn→n−4 ∪ Cn−4→n−8 ∪ C10→6 ∪ (6, 1), see Figure 10. Thus Tn⟨1, 3, 5; 5⟩
is hamiltonian for all even n.

Conversely, Tn⟨1, 3, 5; 5⟩ is bipartite and, being hamiltonian, n must be even. 2

Theorem 2.3. For odd t ≥ 7, Tn⟨1, 3, 5; t⟩ is hamiltonian if and only if n is even.

Proof. We consider t ≥ 7 is odd and n is even.
Case 1. n ∼= 0mod (t− 1).

The smallest n, different from t − 1, is 2t − 2. A hamiltonian cycle in Tn=2t−2⟨1, 3, 5; t⟩ is
(1, 2, 3, . . . , t−3, t+2, t+3, . . . , n−2, n−1, n, n−t = t−2, t−1, t, t+1, 1), which contains the
path (n−2, n−1, n), see Figure 11. By Remark 1, this hamiltonian cycle in T2t−2⟨1, 3, 5; t⟩
can be extended to a hamiltonian cycle in T3t−3=2t−2+(t−1)⟨1, 3, 5; t⟩, which preserves the
same property. Suppose Tn⟨1, 3, 5; t⟩, with n = (2t− 2) + r(t− 1), has a hamiltonian cycle

7 129 11 10 1413 1 63 5 2 4 8 1615 

Figure 11: A hamiltonian cycle in T16⟨1, 3, 5; 9⟩
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containing the path (n− 2, n− 1, n), for some non-negative integer r, then Tn+t−1⟨1, 3, 5; t⟩
enjoys the same property. Thus Tn⟨1, 3, 5; t⟩ is hamiltonian for all even n ∼= 0mod (t− 1).

Case 2. n ∼= 2mod (t− 1).
The smallest n is t + 1. A hamiltonian cycle in Tn=t+1⟨1, 3, 5; t⟩ is (1, 2, 3, . . . , n − 2, n −
1, n, 1) which contains the path (n − 2, n − 1, n). By Remark 1, this hamiltonian cycle
in Tt+1⟨1, 3, 5; t⟩ can be extended to a hamiltonian cycle in T2t=t+1+(t−1)⟨1, 3, 5; t⟩, which
preserves the same property. Thus, by using the technique of Remark 1, Tn⟨1, 3, 5; t⟩ is
hamiltonian for all even n ∼= 2mod (t− 1).

Case 3. n ∼= 4mod (t− 1).
The smallest n is t + 3. If t ∼= 1mod 4, then a hamiltonian cycle in Tn=t+3⟨1, 3, 5; t⟩ is
(1, 2) ∪ D2→6 ∪ D6→10 ∪ · · · ∪ Dn−10→n−6 ∪ (n − 6, n − 1, n, 3, 4) ∪ D4→8 ∪ D8→11 ∪ · · · ∪
Dn−8→n−4∪ (n−4, n−3, n−2 = t+1, 1), see Figure 12. If t ∼= 3mod 4, then a hamiltonian
cycle in Tn=t+3⟨1, 3, 5; t⟩ is (1, 2) ∪ D2→6 ∪ D6→10 ∪ · · · ∪ Dn−4→n ∪ (n, 3, 4) ∪ D4→8 ∪
D8→12 ∪ · · · ∪ Dn−6→n−2 ∪ (n − 2 = t + 1, 1), see Figure 13. These hamiltonian cycles

7 129 11 10 1413 1 63 5 2 4 8 1615 1817 2019 

Figure 12: A hamiltonian cycles in T20⟨1, 3, 5; 17⟩

7
129 11 10 1413 1 63 5 2 4 8 1615 1817 

Figure 13: A hamiltonian cycles in T18⟨1, 3, 5; 15⟩

in Tt+3⟨1, 3, 5; t⟩ do not contain the path (n − 2, n − 1, n). Now, the next representative
in this class is n = t + 3 + (t − 1) = 2t + 2. If t ∼= 1mod 4, then a hamiltonian cycle in
Tn=2t+2⟨1, 3, 5; t⟩ is D1→5 ∪D5→9 ∪ · · · ∪Dt→t+4 ∪ (t+ 4, t+ 5, . . . , n− 2, n− 1, n, n− t =
t+2, 2, 3∪D3→7 ∪D7→11 ∪ · · · ∪Dt−6→t−2 ∪ (t− 2, t+1, 1), see Figure 14. If t ∼= 3mod 4,

7 129 11 10 1413 1 63 5 2 4 8 1615 1817 2019 

Figure 14: A hamiltonian cycle in T20⟨1, 3, 5; 9⟩

then a hamiltonian cycle in T2t+2⟨1, 3, 5; t⟩ is D1→5 ∪D5→9 ∪ · · · ∪Dt−6→t−2 ∪ (t − 2, t +
3, t+ 4, . . . , n− 2, n− 1, n, n− t = t+ 2, 2, 3) ∪D3→7 ∪D7→11 ∪ · · · ∪Dt−4→t ∪ (t, t+ 1, 1),
see Figure 15. Since in both these cases, (n−2, n−1, n) is a path in the hamiltonian cycles
of T2t+2⟨1, 3, 5; t⟩, by using the technique of Remark 1, Tn⟨1, 3, 5; t⟩ is hamiltonian for all
even n ∼= 4mod (t− 1).
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7 129 11 10 1413 1 63 5 2 4 8 1615 1817 2019 2221 2423 

Figure 15: A hamiltonian cycle in T24⟨1, 3, 5; 11⟩

Case 3. n ∼= 6, 8, . . . , t− 3mod (t− 1).
The smallest n is each class are t + 5, t + 7, . . . , 2t − 4, in order. Clearly here t ≥ 9, as
t+5 ≤ 2t−4. Let n = t+(4u+1) ∈ {t+5, t+7, . . . , 2t−4}, where u ∈ {1, 2 . . . , ⌊ t−5

4 ⌋} (as
t+(4u+1) ≤ 2t−4, so u ≤ t−5

4 ). If t ∼= 1mod 4, then a hamiltonian cycle in Tn⟨1, 3, 5; t⟩ is
(1, 2, 3, . . . , n−t−1)∪Dn−t−1→n−t+3∪Dn−t+3→n−t+7∪· · ·∪Dt−1→t+3∪(t+3, t+4, . . . , n−
2, n−1, n, n− t, n− t+1)∪Dn−t+1→n−t+5∪Dn−t+5→n−t+9∪· · ·∪Dt−3→t+1∪ (t+1, 1), see
Figure 16. If t ∼= 3mod 4, then a hamiltonian cycle in Tn=t+(4u+1)⟨1, 3, 5; t⟩ is (1, 2, 3, . . . , n−
t− 1)∪Dn−t−1→n−t+3 ∪Dn−t+3→n−t+7 ∪ · · · ∪Dt−7→t−3 ∪ (t− 3, t+2, t+3, . . . , n− 2, n−
1, n, n−t, n−t+1)∪Dn−t+1→n−t+5∪Dn−t+5→n−t+9∪· · ·∪Dt−5→t−1∪(t−1, t, t+1, 1), see
Figure 17. Now, let n = t+ (4v + 3) ∈ {t+ 5, t+ 7, . . . , 2t− 4}, where v ∈ {1, 2 . . . , ⌊ t−7

4 ⌋}

7 129 11 10 1413 1 63 5 2 4 8 1615 1817 2019 2221 

Figure 16: A hamiltonian cycle in T22⟨1, 3, 5; 17⟩

7 129 11 10 1413 1 63 5 2 4 8 1615 1817 2019 2221 2423 

Figure 17: A hamiltonian cycle in T24⟨1, 3, 5; 19⟩

(as t + (4v + 3) ≤ 2t − 4, so v ≤ t−7
4 ). Clearly, here t ≥ 11, because for t = 9, we

have n > 2t − 4 (as 12 + 4v > 14). For t ∼= 1mod 4 and t ∼= 3mod 4, hamiltonian cycles
in Tt+4v+3⟨1, 3, 5; t⟩ is same as ones in Tt+4u+1⟨1, 3, 5; t⟩ for t ∼= 3mod 4 and t ∼= 1mod 4,
respectively. Since each of these hamiltonian cycles in Tn∈{t+5,t+7,...,2t−4}⟨1, 3, 5; t⟩ contains
the path (n− 2, n− 1, n), by using the technique of Remark 1, Tn⟨1, 3, 5; t⟩ is hamiltonian
for all even n ∼= 6, 8, . . . , t− 3mod (t− 1).

Conversely, since t is odd, Tn⟨1, 3, 5; t⟩ is bipartite and, being hamiltonian, n must be
even. 2
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3 Toeplitz Graphs Tn⟨1, 3, 5; t⟩ for even t

Theorem 3.1. Tn⟨1, 3, 5; 2⟩ is hamiltonian for n = 6, 7, and all n ∼= 3mod 5.

Proof. For n = 6 and 7, it is easily seen that unique hamiltonian cycles in T6⟨1, 3, 5; 2⟩
and T7⟨1, 3, 5; 2⟩ are (1, 6, 4, 2, 5, 3, 1) and (1, 6, 4, 2, 7, 5, 3, 1), respectively.

For n ∼= 3mod 5, the smallest n is 8. The unique hamiltonian cycle in T8⟨1, 3, 5; 2⟩ is
(1, 2, 7, 8, 6, 4, 5, 3, 1) which contains the edge (n− 1 = 7, n = 8). We can extend this hamil-
tonian cycle in T8⟨1, 3, 5; 2⟩ to a hamiltonian cycle in T13⟨1, 3, 5; 2⟩, by replacing the edge
(7, 8) with the path (7, 12, 13, 11, 9, 10, 8), which preserves the same property. Suppose, for
some non-negative integer r, Tn=8+5r⟨1, 3, 5; 2⟩ has a hamiltonian cycle containing the edge
(n− 1, n), then Tn+5⟨1, 3, 5; 2⟩ enjoys the same property. Thus Tn⟨1, 3, 5; 2⟩ is hamiltonian
for all n ∼= 3mod 5. 2

For all n ≇ 3mod 5 and n ̸= 6, 7, the hamiltonicity of Tn⟨1, 3, 5; 2⟩ remains undecided.

Theorem 3.2. Tn⟨1, 3, 5; 4⟩ is hamiltonian for all n.

Proof. For n = 6 and n = 7, it is easily seen that unique hamiltonian cycles in
Tn⟨1, 3, 5; 4⟩ are (1, 6, 2, 3, 4, 5, 1) and (1, 4, 7, 3, 6, 2, 5, 1), in order.

Now for n ≥ 8. Hamiltonian cycles in T8⟨1, 3, 5; 4⟩, T9⟨1, 3, 5; 4⟩, and T10⟨1, 3, 5; 4⟩ are
(1, 2, 3, 6, 7, 8, 4, 5, 1), (1, 6, 2, 3, 4, 7, 8, 9, 5, 1) and (1, 4, 7, 3, 8, 9, 10, 6, 2, 5, 1), respectively,
which contain the path (n − 2, n − 1, n). By Remark 1, these hamiltonian cycles in
Tn⟨1, 3, 5; 4⟩ can be extended to hamiltonian cycles in Tn+3⟨1, 3, 5; 4⟩ which enjoy the same
property. Suppose, for some non-negative integer r, Tn=no+3r⟨1, 3, 5; 4⟩ has a hamiltonian
cycle containing the path (n−2, n−1, n) then Tn+3⟨1, 3, 5; 4⟩ enjoys the same property and
thus Tn⟨1, 3, 5; 4⟩ is hamiltonian for all n ≥ 8. This finishes the proof. 2

Now, for even t ≥ 6 and we will see that Tn⟨1, 3, 5; t⟩ is hamiltonian for all n.

Theorem 3.3. For even t ≥ 6, Tn⟨1, 3, 5; t⟩ is hamiltonian for all n.

Proof. Case 1. n ∼= 1mod (t− 1).
The smallest n, different from t, is 2t − 1. If t ∼= 0mod 4, then a hamiltonian cycle in
Tn=2t−1⟨1, 3, 5; t⟩ isD1→5∪D5→9∪· · ·∪Dt−7→t−3∪(t−3, t, t+3, t+4, . . . , n−2, n−1, n, n−t =
t − 1, t + 2, 2, 3) ∪ D3→7 ∪ D7→11 ∪ · · · ∪ Dt−9→t−5 ∪ (t − 5, t − 2, t + 1, 1), see Figure
18. If t ∼= 2mod 4, then a hamiltonian cycle in Tn=2t−1⟨1, 3, 5; t⟩ is D1→5 ∪ D5→9 ∪ · · · ∪

6 118 10 9 13
12 52 4 1 3 7 1514 1716 1918 20 2221 23 

Figure 18: A hamiltonian cycle in T23⟨1, 3, 5; 12⟩

Dt−9→t−5 ∪ (t − 5, t − 2, t + 3, t + 4, . . . , n − 2, n − 1, n, n − t = t − 1, t + 2, 2, 3) ∪D3→7 ∪
D7→11∪· · ·∪Dt−3→t+1∪(t+1, 1), see Figure 19. These hamiltonian cycles contain the path
(n− 2, n− 1, n). Suppose, for some non-negative integer r, Tn=(2t−1)+r(t−1)⟨1, 3, 5; t⟩ has a
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6 118 10 9 13
12 52 4 1 3 7 1514 1716 1918 2625 27 

. . . 

Figure 19: A hamiltonian cycle in T27⟨1, 3, 5; 14⟩

hamiltonian cycle containing the path (n− 2, n− 1, n) then, by Remark 1, Tn+t−1⟨1, 3, 5; t⟩
enjoys the same property. Thus Tn⟨1, 3, 5; t⟩ is hamiltonian for all n ∼= 1mod (t− 1).

Case 2. n ∼= 2mod (t− 1).
The smallest n is t + 1. A hamiltonian cycle in Tn=t+1⟨1, 3, 5; t⟩ is (1, 2, 3, . . . , n − 2, n −
1, n, 1), which contains the path (n − 2, n − 1, n). By using the technique of Remark 1,
Tn⟨1, 3, 5; t⟩ is hamiltonian for all n ∼= 2mod (t− 1).

Case 3. n ∼= 3mod (t− 1).
The smallest n is t + 2. If t ∼= 0mod 4, then a hamiltonian cycle in Tn=t+2⟨1, 3, 5; t⟩ is
D1→5 ∪ D5→9 ∪ · · · ∪ Dn−9→n−5 ∪ (n − 5, n, 2, 3) ∪ D3→7 ∪ D7→11 ∪ · · · ∪ Dn−7→n−3 ∪
(n − 3, n − 2, n − 1 = t + 1, 1), see Figure 20. If t ∼= 2mod 4, then a hamiltonian cycle in
Tn=t+2⟨1, 3, 5; t⟩ is D1→5 ∪ D5→9 ∪ · · · ∪Dn−7→n−3 ∪ (n− 3, n, 2, 3)∪D3→7 ∪D7→11 ∪ · · · ∪
Dn−5→n−1 ∪ (n− 1 = t+1, 1), see Figure 21. These hamiltonian cycles in Tn=t+2⟨1, 3, 5; t⟩

6 118 10 9 1312 52 4 1 3 7 1514 1716 18 

Figure 20: A hamiltonian cycle in T18⟨1, 3, 5; 16⟩

6 118 10 9 1312 52 4 1 3 7 1514 1716 18 19 20 

Figure 21: A hamiltonian cycle in T20⟨1, 3, 5; 18⟩

do not contain the path (n − 2, n − 1, n). Now, the next representative in this class is
n = t + 2 + (t − 1) = 2t + 1. If t ∼= 0mod 4, then a hamiltonian cycle in Tn=2t+1⟨1, 3, 5; t⟩
is D1→5 ∪D5→9 ∪ · · · ∪Dt−7→t−3 ∪ (t− 3, t+ 2, 2, 3) ∪D3→7 ∪D7→11 ∪ · · · ∪Dt−5→t−1 ∪
(t− 1, t, t+3, t+4, . . . , n− 2, n− 1, n, n− t = t+1, 1), see Figure 22. If t ∼= 2mod 4, then a
hamiltonian cycle in Tn=2t+1⟨1, 3, 5; t⟩ is D1→5∪D5→9∪· · ·∪Dt−5→t−1∪ (t−1, t+2, 2, 3)∪
D3→7∪D7→11∪ · · ·∪Dt−7→t−3∪ (t−3, t, t+3, t+4, . . . , n−2, n−1, n, n− t = t+1, 1), see
Figure 23. These hamiltonian cycles in T2t+1⟨1, 3, 5; t⟩ contain the path (n − 2, n − 1, n).
By using the technique of Remark 1, Tn⟨1, 3, 5; t⟩ is hamiltonian for n ∼= 3mod (t− 1).
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6 118 10 9 1312 52 4 1 3 7 1514 1716 

Figure 22: A hamiltonian cycle in T17⟨1, 3, 5; 8⟩
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9 1312 52 4 1 3 7 1514 1716 1918 2120 

Figure 23: A hamiltonian cycle in T21⟨1, 3, 5; 10⟩

Case 4. n ∼= 4mod (t− 1).
The smallest n is t+3. For even t. If t ∼= 0mod 3, then a hamiltonian cycle in Tn=t+3⟨1, 3, 5; t⟩
is (1, 4, . . . , n− 5, n, 3, 6, . . . , n− 6, n− 1, 2, 5, . . . , n− 4, n− 3, n− 2 = t+ 1, 1), see Figure
24. If t ∼= 1mod 3, then a hamiltonian cycle in Tn=t+3⟨1, 3, 5; t⟩ is (1, 4, . . . , n, 3, 6, . . . , n−
1, 2, 5, . . . , n − 2 = t + 1, 1), see Figure 25. If t ∼= 2mod 3, then a hamiltonian cycle in
Tn⟨1, 3, 5; t⟩ is (1, 4, . . . , n − 1, 2, 5, . . . , n, 3, 6, . . . , n − 2 = t + 1, 1), see Figure 26. These
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Figure 24: A hamiltonian cycle in T21⟨1, 3, 5; 18⟩
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Figure 25: A hamiltonian cycle in T19⟨1, 3, 5; 16⟩
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Figure 26: A hamiltonian cycle in T23⟨1, 3, 5; 20⟩

hamiltonian cycles in Tt+3⟨1, 3, 5; t⟩ do not contain the path (n−2, n−1, n). Now, the next
representative in this class is n = 2t+2. If t ∼= 0mod 3 and t ̸= 6, then a hamiltonian cycle



246 Hamiltonicity in directed Toeplitz graphs Tn⟨1, 3, 5; t⟩

in Tn=2t+2⟨1, 3, 5; t⟩ is (1, 4, 7, 8, 11, 14, . . . , t− 1, t+ 4, t+ 5, 5, 10, 13, 16, . . . , t− 2, t+ 3, t+
6, t+7, . . . , n−2, n−1, n, n−t = t+2, 2, 3, 6, 9, . . . , t, t+1, 1), see Figure 27. And for t = 6, a
hamiltonian cycle in T14⟨1, 3, 5; 6⟩ is (1, 4, 5, 10, 11, 14, 8, 2, 3, 6, 9, 12, 13, 7, 1). If t ∼= 1mod 3,
then a hamiltonian cycle in Tn=2t+2⟨1, 3, 5; t⟩ is (1, 6, 9, 12, . . . , t−1, t+4, t+5, 5, 8, 11, . . . , t−
2, t + 3, t + 6, t + 7, . . . , n − 2, n − 1, n, n − t = t + 2, 2, 3, 4, 7, 10, . . . , t, t + 1, 1), see Figure
28. If t ∼= 2mod 3, then a hamiltonian cycle in Tn=2t+2⟨1, 3, 5; t⟩ is (1, 4, 7, 10, . . . , t− 1, t+
4, t + 5, 5, 8, 11, . . . , t + 6, t + 7, . . . , n − 2, n − 1, n, n − t = t + 2, 2, 3, 6, 9, . . . , t + 1, 1), see
Figure 29. Since, in all these cases, (n − 2, n − 1, n) is a path in the hamiltonian cycles
of T2t+2⟨1, 3, 5; t⟩, by using the technique in Remark 1, Tn⟨1, 3, 5; t⟩ is hamiltonian for all
n ∼= 4mod (t− 1).

6

11

8 10 9 1312 52 4 1 3 7 1514 1716 1918 20 2524 26 

. . . 

Figure 27: A hamiltonian cycle in T26⟨1, 3, 5; 12⟩

6 118 10 9 1312 52 4 1 3 
7

1514 1716 1918 22 2120 

Figure 28: A hamiltonian cycle in T22⟨1, 3, 5; 10⟩

6 118 10 9 13
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52 4 1 3 7 1514 1716 1918 2928 30
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2120 

Figure 29: A hamiltonian cycle in T30⟨1, 3, 5; 14⟩

Case 5. n ∼= 5, 7, 9, . . . , t− 3mod (t− 1).
The smallest n in each class are t+4, t+6, t+8, . . . , 2t−4. Clearly here t ≥ 8 as t+4 ≤ 2t−4.
For n ∈ {t + 4, t + 6, t + 8, . . . , 2t − 4}. Let n = t + 4u, where u ∈ {1, 2 . . . , ⌊ t−4

4 ⌋} (as
t+4u ≤ 2t−4, so u ≤ t−4

4 ). If t ∼= 0mod 4, then a hamiltonian cycle in Tn=t+4u⟨1, 3, 5; t⟩ is
(1, 2, 3, . . . , n−t−1)∪Dn−t−1→n−t+3∪Dn−t+3→n−t+7∪· · ·∪Dt−1→t+3∪(t+3, t+4, . . . , n−
2, n−1, n, n−t, n−t+1)∪Dn−t+1→n−t+5∪Dn−t+5→n−t+9∪· · ·∪Dt−3→t+1∪· · ·∪(t+1, 1),
see Figure 30. If t ∼= 2mod 4, then a hamiltonian cycle in Tn=t+4u⟨1, 3, 5; t⟩ is (1, 2, 3, . . . , n−

6 118 10 9 1312 52 4 1 3 7 1514 1716 1918 2723 28

. . . 

2120 22 

Figure 30: A hamiltonian cycle in T28⟨1, 3, 5; 20⟩
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t− 1)∪Dn−t−1→n−t+3 ∪Dn−t+3→n−t+7 ∪ · · · ∪Dt−7→t−3 ∪ (t− 3, t+2, t+3, . . . , n− 2, n−
1, n, n− t, n− t+1)∪Dn−t+1→n−t+5 ∪Dn−t+5→n−t+9 ∪ · · · ∪Dt−5→t−1 ∪ (t− 1, t, t+1, 1),
see Figure 31. Now, let n = t+ 4v + 2, where v ∈ {1, 2 . . . , ⌊ t−6

4 ⌋} (as t+ 4v + 2 ≤ 2t− 4,

6 118 10 9 1312 52 4 1 3 7 1514 1716 1918 26

. . . 
2120 25 

Figure 31: A hamiltonian cycle in T26⟨1, 3, 5; 18⟩

so v ≤ t−6
4 ). For t ∼= 0mod 4 and t ∼= 2mod 4, Tn=t+4v+2⟨1, 3, 5; t⟩ has hamiltonian cycles

similar to ones in Tn=t+4u⟨1, 3, 5; t⟩ for t ∼= 2mod 4 and t ∼= 0mod 4, respectively. Since these
hamiltonian cycles in Tn∈{t+4,t+6,...,2t−4}⟨1, 3, 5; t⟩ contain the path (n−2, n−1, n), by using
the technique of Remark 1, Tn⟨1, 3, 5; t⟩ is hamiltonian for n ∼= 5, 7, 9, . . . , t− 3mod (t− 1).

Case 6. n ∼= 6, 8, 10, . . . , t− 2mod (t− 1).
The smallest n in each class are t+7, t+9, . . . , 2t− 3. Clearly here t ≥ 8 and 2(t+1)−n is
an odd number which is in fact the number of consecutive vertices between n− t and t+1,
including both.
(i) Let 2(t+1)−n ∼= 0mod 3. Clearly n−t is odd, as t is even and n ∈ {t+7, t+9, . . . , 2t−3}
is odd. If n− t ∼= 1mod 4, then a hamiltonian cycle in Tn⟨1, 3, 5; t⟩ is D1→5 ∪D5→9 ∪ · · · ∪
Dn−t−8→n−t−4∪ (n− t−4, n− t+1, n− t+4, . . . , t+3, t+4, . . . , n−2, n−1, n, n− t, n− t+
3, . . . , t+2, 2, 3)∪D3→7∪D7→11∪· · ·∪Dn−t−6→n−t−2∪(n−t−2, n−t−1, n−t+2 . . . , t+1, 1),
see Figure 32. If n− t ∼= 3mod 4, then a hamiltonian cycle in Tn⟨1, 3, 5; t⟩ is D1→5∪D5→9∪
· · · ∪Dn−t−6→n−t−2 ∪ (n− t− 2, n− t+ 1, . . . , t+ 3, t+ 4, . . . , n− 2, n− 1, n, n− t, n− t+
3, . . . , t+2, 2, 3)∪D3→7 ∪D7→11 ∪ · · · ∪Dn−t−8→n−t−4 ∪ (n− t− 4, n− t− 1, . . . , t+1, 1),
see Figure 33.
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Figure 32: A hamiltonian cycle in T25⟨1, 3, 5; 16⟩
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Figure 33: A hamiltonian cycle in T27⟨1, 3, 5; 20⟩
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(ii) Let 2(t+1)−n ∼= 1mod 3. If n− t ∼= 1mod 4, then a hamiltonian cycle in Tn⟨1, 3, 5; t⟩ is
D1→5∪D5→9∪· · ·∪Dn−t−8→n−t−4∪(n−t−4, n−t+1, n−t+4, . . . , t+2, 2, 3)∪D3→7∪D7→11∪
· · ·∪Dn−t−6→n−t−2∪(n−t−2, n−t−1, n−t+2, . . . , t+3, t+4, . . . , n−2, n−1, n, n−t, n−t+
3, . . . , t+1, 1), see Figure 34. If n− t ∼= 3mod 4, then a hamiltonian cycle in Tn⟨1, 3, 5; t⟩ is
D1→5∪D5→9∪· · ·∪Dn−t−6→n−t−2∪(n−t−2, n−t+1, . . . , t+2, 2, 3)∪D3→7∪D7→11∪· · ·∪
Dn−t−8→n−t−4∪(n−t−4, n−t−1, . . . , t+3, t+4, . . . , n−2, n−1, n, n−t, n−t+3, . . . , t+1, 1),
see Figure 35.
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Figure 34: A hamiltonian cycle in T29⟨1, 3, 5; 20⟩
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Figure 35: A hamiltonian cycle in T25⟨1, 3, 5; 18⟩

(iii) Let 2(t+1)− n ∼= 2mod 3. If n− t ∼= 1mod 4, then a hamiltonian cycle in Tn⟨1, 3, 5; t⟩
is D1→5 ∪D5→9 ∪ · · · ∪Dn−t−8→n−t−4 ∪ (n− t− 4, n− t− 1, . . . , t− 1, t, t+3, t+4, . . . , n−
2, n − 1, n, n − t, n − t + 3, . . . , t − 3, t + 2, 2, 3) ∪ D3→7 ∪ D7→11 ∪ · · · ∪ Dn−t−6→n−t−2 ∪
(n − t − 2, n − t + 1, . . . , t + 1, 1), see Figure 36. If n − t ∼= 3mod 4, then a hamiltonian

6 118 10 9 1312 52 4 1 3 7
15

14 17
16 1918 20 2221 26 27 
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Figure 36: A hamiltonian cycle in T27⟨1, 3, 5; 18⟩

6 1110 9 1312 52 4 1 3 7 1514 1716 1918 20 23 8 21 22

Figure 37: A hamiltonian cycle in T23⟨1, 3, 5; 16⟩

cycle in Tn⟨1, 3, 5; t⟩ is D1→5 ∪ D5→9 ∪ · · · ∪ Dn−t−10→n−t−6 ∪ (n − t − 6, n − t − 1, n −
t + 2, . . . , t − 1, t, t + 3, t + 4, . . . , n − 2, n − 1, n, n − t, n − t + 3, . . . , t − 3, t + 2, 2, 3) ∪
D3→7 ∪D7→11 ∪ · · · ∪Dn−t−8→n−t−4 ∪ (n− t− 4, n− t− 3, n− t− 2, n− t+1, . . . , t+1, 1),
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see Figure 37. Since these hamiltonian cycles in Tn∈{t+7,t+9,...,2t−3}⟨1, 3, 5; t⟩ contain the
path (n− 2, n− 1, n), by using the technique of Remark 1, Tn⟨1, 3, 5; t⟩ is hamiltonian for
n ∼= 6, 8, . . . , t− 2mod (t− 1). This finishes the proof. 2

Concluding Remark: We state a conjecture that Tn⟨1, 3, 5; 2⟩ is non hamiltonian for n ∼=
0, 1, 2, 4mod 5 different from n = 6 and 7. The next task in our opinion is to complete the
hamiltonicity investigation in Toeplitz graphs Tn⟨1, 3, 5, s4, . . . , sk; t1, t2, . . . , tl⟩ by resolving
this conjecture.
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